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Invited Discussion

Beatrice Franzolini* and Giovanni Rebaudo®

We congratulate the authors on their deep theoretical and methodological contributions,
which provide a novel understanding as well as new tools for the challenging problem
of Bayesian nonparametric regression and covariate-dependent clustering.

Arguably, a substantial portion of methodological advancements within the Bayesian
nonparametric literature, since the seminal paper of Ferguson (1973), can be framed as
extensions or generalizations of alternative characterizations of the Dirichlet process.
Among these characterizations, the stick-breaking (SB) representation (Sethuraman,
1994; Ishwaran and James, 2001) stands out as particularly influential, having been
extended to incorporate diverse distributions for the splitting variables resulting in dif-
ferent or more general classes of processes, e.g., Rodriguez and Dunson (2011); Favaro
et al. (2012); Rigon and Durante (2021). The authors propose a compelling avenue for a
different generalization of the standard SB process by highlighting that, beyond specify-
ing distributions for the splitting variables, another implicit yet crucial assumption that
can be relaxed is the lopsided structural arrangement of the associated representation
tree. Such a perspective, on one hand, provides a different take and understanding of
existing SB processes, and on the other, lays out novel tractable strategies to define
discrete random probability measures. The latter appears particularly useful when the
problem at hand requires the construction of an entire collection of random probability
measures (G, x € X).

The authors define a generalized class of SB processes (obtained by an arbitrary
dyadic tree structure and imposing a tail-free condition) and study the corresponding
class of dependent discrete nonparametric priors with common atoms and covariate-
dependent SB weights. More precisely, the authors consider the family of discrete dis-
tributions G, = Z,[::l W 160, , where 0, g G independent of the weights, and the
weights follow a general dyadic-tree SB structure under a tail-free condition. The class
provides a theoretical framework for studying and understanding existing covariate-
dependent SB priors from a novel, interesting level of generality.

Importantly, in Theorem 1, the authors derive closed-form expressions for the joint
moments that are crucial for prior elicitation in terms of marginal and bivariate depen-
dence assumptions. In the next Section, we highlight the connection of these results to
the recent theory of multivariate species sampling processes (mSSP) (Franzolini et al.,
2025), which provides additional insights and results for studying more general de-
pendence in the authors’ covariate-dependent mixtures. The remaining sections of the
present discussion contain some brief comments on interesting possible further investi-
gations about the tree-SB framework.
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1 Connection with theory of mSSP

The results presented in Theorem 1 can be connected to the theory of mSSP introduced
by Franzolini et al. (2025). Consider an arbitrary finite-dimensional projection (G, :
x € Xp) of (G : € X), where Xy := {z1,...,2;} C X is a finite subset of covariate
values. Such finite-dimensional projections (G : € Xp) constitute instances of mSSP.
Specifically, this includes the marginal univariate and bivariate projections considered
in Theorem 1, thereby linking the result in Theorem 1 for tree-SB processes to the
mSSP framework. This connection provides a further understanding and validation of
the results for tree-SB processes.

The class of mSSP fully characterizes partially exchangeable partitions induced by
equivalence relations (ties) within general partially exchangeable arrays. The distribu-
tion of these partitions is described by the partially exchangeable partition probability
function (pEPPF), which plays a central role in analyzing dependent discrete random
processes, including finite-dimensional projections of tree-SB priors.

More explicitly, consider an infinite-dimensional partially exchangeable array (Y , :
x € Xy, € N), with groups identified by covariate values x € Xp, and whose de Finetti
measure £ corresponds to the dependent tree-SB law of (G, : x € Xp). Formally, we
have:

Voil (GeiaeX) ™G, forallz € Xo,i €N, (Gy:a€Xy) ~ L.

Following Franzolini et al. (2025), the results in Theorem 1 can be expressed in terms
of observable quantities, particularly tie probabilities between observations:

Ay =Pr(Yy; =Yy ), foranyi,ieNuzaz eX.

For instance, if the within-group tie probabilities are equal for groups x and z’, namely
Pr(Y,; =Y, ) = Pr(Yy ; = Yy jr), then equation (9) in Theorem 1 can be rewritten
succinctly as

corr(Yy1,Ye2)  Pr(Ye1=VYe1) Pr(tie across groups)
Gz A 7G:t/ AN = > > _ , , _ - it .
corr{G. (4) (4} corr(Yy1,Ys 2) Pr(Y,1=Y.2) Pr(tie within a group)

) )

This formulation provides clarity by translating the theoretical results obtained in terms
of the random probabilities representation into simple probabilistic statements regarding
observable quantities derived via marginalization of the pEPPF.

Indeed, given an arbitrary vector of dependent random measures (G, : = € Xp), not
necessarily tree-SB nor mSSP, we can define the pEPPF as

D
pEPPF (ny,...,n)) :E[/ [ G (dza)™ ... G, (dzg)™4 |,
Y2 =1

under the constraint that ZdD:l nja = Ij, with I; sample size observed from G, for
each j =1,....J, n = E}le I;, and where Y denotes the space in which the Y, ;’s
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take values, while Y2 denotes the subset of Y” consisting of vectors with all distinct
entries. The pEPPF characterizes arbitrary partitions induced by partially exchangeable
arrays and can be characterized by the class of mSSP (Franzolini et al., 2025). Note

that pEPPF(D")(nl, ...,my) returns the probability of a given partition, as a function
of the sufficient statistics, that is the vector of frequency counts n; = (nj1,...,7,p),
where n; 4 indicates the number of observations in the jth group that coincide with the
dth distinct value, indexed according to the order of arrival by groups.

We can now rewrite (9) in Theorem 1 as a marginalization of the pEPPF when
available.
pEPPF?(1,1)

\/EPPF;?)l(l)\/EPPFSJ(l)

where the EPPF is the exchangeable partition probability function that is a special case
of the pEPPF with a single covariate level (i.e., under the exchangeability).

corr(Gy(A), Gy (A))

)

Moreover, under the a.s. discrete mSSP, such as the dependent tree-SB, the pEPPF
can be expressed as a simpler function of the weights:

J D
pEPPFgL)(nh...,nJ)E{ > HHWJZZJ-

hi#..#hp j=1d=1

obtaining, indeed, the definition of a,, and a;, by the authors when considering
pEPPF{”(1,1) and EPPF()(1).

General novel results concerning dependence in the framework of mSSP can further
provide valuable insights into addressing a key issue highlighted by the authors in their
discussion:

[ .. ] future work involves quantifying the prior dependence between random measures
beyond the pairwise linear correlation [...].

For instance, as demonstrated in Franzolini et al. (2025), the corr{G;(A), G,/ (4)}
constitutes an effective index of dependence, and thus of the borrowing of information
for a large class of dependent process that include the dependent tree-SB considered by
the authors. Indeed, not only is it a global index in [0, 1] not depending on the specific
set A considered, but

e corr(G,(A),Gy(A)) =11if and only if G, = G, a.s., i.e. full exchangeability;
e corr(G,(A),G(A)) =0 if and only if G, and G, are independent.

in such a class. Consequently, within this class, the correlation is always reflective of
the underlying dependence structure. Due to the intrinsic properties of these processes,
the correlation measure is not subject to the typical limitations associated with linear
measures of dependence, and, in particular, a correlation of zero cannot arise unless
there is a complete absence of dependence.



Moreover, general dependence beyond pairwise dependence can be expressed in
terms of higher-order moments of dependent tree-SB processes evaluated on (measur-
able) sets. These quantities can be meaningfully interpreted in terms of simple observ-
able quantities, that is, the random number of observed species within and across groups,
similarly to what has been shown above for the correlation. We refer to Franzolini et al.
(2025) for further details.

2 Choice of K

As the authors state in the discussion:

One limitation of the balanced tree model investigated in this work is that we assumed the
tree is truncated at a fized mazimum depth.

The choice of K is crucial from both a modeling and theoretical perspective. For in-
stance, roughly speaking, increasing the truncation level K increases the probability of
observing both more clusters and with smaller frequency for each cluster (contrary to
the lopsided counterpart). Moreover, in the nonparametric case it is necessary to take
K = oo (without degenerating to a diffuse fixed Gy) or to allow K to be a random,
unbounded integer in order to achieve full support for the random probability measure.
In addition, allowing K to be infinite (or random and unbounded) is also desirable for
theoretical guarantees. In particular, it opens the possibility of achieving frequentist
consistency of the Bayesian mixture to a true data-generating density (see, e.g., Ghosal
and van der Vaart, 2017) or a ¢rue number of components (see, e.g., Nobile, 1994; Miller
and Harrison, 2018; Ascolani et al., 2023; Miller, 2023; Zeng et al., 2023), that might
be investigated in future work.

3 Alternative tree structures for existing processes

The significance of the tree-based perspective introduced by the authors is twofold.
First, the authors provide a general framework for constructing novel classes of ran-
dom probability measures, which can effectively address notable limitations such as
high correlation and heightened posterior uncertainty inherent in default choices of lop-
sided stick-breaking (SB) processes, while still maintaining analytical and computational
tractability. Second, the tree framework provides insights into known processes defined
via SB. This second perspective possibly also offers a promising pathway to derive new
convenient representations of existing processes. Although the present study extensively
explores the first direction, we anticipate that future research leveraging this framework
may also yield alternative representations, potentially more analytically transparent or
computationally advantageous, for existing processes that currently lack analytical or
computationally tractable representations.

To move in this direction, consider for simplicity a single process G = Zle Wide,.,
with a certain law. Suppose we aim to determine the distribution of the splitting vari-
ables for this process, given a particular tree structure 7. A few natural questions arise.
Given a certain tree structure 7 with a sufficient number of terminal leaves, is it always



possible to define the distribution of the splitting variables that produces the given
distribution for the weights (Wy)k>1 if one removes the tail-free condition? If such a
representation exists, can the tail-free condition for a generic tree structure 7 be linked
to some (specific) theoretical property of the processes that satisfy it?

Although we acknowledge that the breadth of these questions makes them chal-
lenging to answer, we believe that further research aimed at characterizing the class
of processes available for a given tree structure 7 could yield important additional in-
sights into the proposed perspective and, possibly, novel representations of processes
that currently lack analytically or computationally tractable representations.

4 Conclusion

The authors’ contribution represents a significant step forward in the development of
covariate-dependent Bayesian nonparametric priors. By formalizing a general class of
stick-breaking models with common atoms and tractable dependence structures, they
offer both a unifying theoretical lens and new modeling tools for regression and clus-
tering tasks. We look forward to seeing further theoretical developments and applied
investigations building on this rich framework.
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