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Abstract

Species sampling processes have long served as the fundamental framework for modeling

random discrete distributions and exchangeable sequences. However, data arising from dis-
tinct but related sources require a broader notion of probabilistic invariance, making partial
exchangeability a natural choice. Countless models for partially exchangeable data, collectively
known as dependent nonparametric priors, have been proposed. These include hierarchical,
nested and additive processes, widely used in statistics and machine Learning. Still, a unifying
framework is lacking and key questions about their underlying learning mechanisms remain
unanswered.
We fill this gap by introducing multivariate species sampling models, a new general class of non-
parametric priors that encompasses most existing finite- and infinite-dimensional dependent
processes. They are characterized by the induced partially exchangeable partition probability
function encoding their multivariate clustering structure. We establish their core distribu-
tional properties and analyze their dependence structure, demonstrating that borrowing of
information across groups is entirely determined by shared ties. This provides new insights
into the underlying learning mechanisms, offering, for instance, a principled rationale for the
previously unexplained correlation structure observed in existing models. Beyond providing a
cohesive theoretical foundation, our approach serves as a constructive tool for developing new
models and opens novel research directions to capture richer dependence structures beyond
the framework of multivariate species sampling processes.

Keywords: Bayesian nonparametrics, Dependent nonparametric prior, Hierarchical process,
Multi-armed bandit, Partial exchangeability, Random partition.
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1 Introduction

A fundamental homogeneity assumption in Bayesian inference is the (infinite) exchangeability
of observables, which corresponds to distributional invariance with respect to permutations
of the data. According to de Finetti’s representation Theorem, there is a one-to-one cor-
respondence between an exchangeable sequence (X;);>1 and a random probability measure,
conditionally on which the X;’s are independent and identically distributed (i.i.d.). This
foundational result supports the Bayesian framework, based on likelihood and prior, via a
probabilistic symmetry assumption on the data. At the same time, it establishes a conceptual
bridge to the classical i.i.d. assumption in frequentist inference. In a parametric setup, the
random probability measure associated with (X;);>; is indexed by a finite-dimensional param-
eter, whereas in a nonparametric setting, no such restriction is imposed. A cornerstone of
the latter is represented by the Dirichlet process (DP) introduced in Ferguson (1973). Its full
weak support property implies remarkable flexibility compared to parametric counterparts,
and several popular Bayesian nonparametric (BNP) models can be seen as extensions of the
DP itself.

In a seminal work, Pitman (1996) introduced a unifying framework for studying almost
surely discrete random probability measures under the assumption that weights and locations
are independent. The resulting class, known as species sampling processes (SSPs) (Ghosal
et al., 2017), includes the DP as a special case and satisfies several structural properties that
have been pivotal to understanding and constructing discrete priors for modeling exchangeable
data. Entire classes of popular nonparametric and parametric priors, such as homogeneous
normalized random measures with independent increments (Regazzini et al., 2003; James, Lijoi,
et al., 2009), Gibbs-type priors (Gnedin and Pitman, 2006; De Blasi et al., 2015), and stick-
breaking processes (Ishwaran et al., 2001; Gil-Leyva et al., 2023) fall within the framework of
SSPs, and henceforth also their notable special cases, which include Pitman-Yor (Pitman and
Yor, 1997), normalized inverse Gaussian (Lijoi, Mena, et al., 2005) and normalized generalized
gamma (Lijoi, Mena, et al., 2007b) processes. Moreover, relevant special cases also include
finite-dimensional processes such as the finite Dirichlet Multinomial (Green et al., 2001) and
mixture of finite-dimensional processes with a prior on the number of locations (Nobile, 1994;
Richardson et al., 1997; Nobile and Fearnside, 2007; Gnedin, 2010; De Blasi et al., 2013; Miller
et al., 2018). A summary of J. Pitman’s theory on univariate SSP (Pitman, 1996) can be found
in Section S1 of the Supplementary Material.

However, exchangeability is often too restrictive an assumption in applied settings. The
pioneering contributions of MacEachern (1999) and MacEachern (2000) opened a new research
line in both the statistics and machine learning literature, whose goal is to develop models that
accommodate heterogeneity across data sources or experimental conditions. More specifically,
when data originate from J distinct populations, such as in meta-analysis, topic modeling or
multi-center studies, the exchangeability assumption becomes overly restrictive, since it fails to
account for heterogeneity across distinct groups. Conversely, assuming independence between



populations precludes information sharing across experiments, which is often a key goal in
multi-sample studies (see, for instance, Woodcock et al., 2017; Chen et al., 2019; Ouma et al.,
2022; Su et al., 2022). A natural compromise between these extremes is the probabilistic
framework of partial exchangeability (de Finetti, 1938), which entails exchangeability within
but not across different populations, while still allowing for dependence among them. Consider
a random array X with J rows and infinite columns. Then X is partially exchangeable if and
only if its distribution is invariant with respect to finite permutations within each row but
not across columns. This means that elements within each population, i.e., belonging to the
same row, are exchangeable, but permuting elements across populations, i.e., belonging to
different rows, would alter the distribution of X. For instance, suppose to have partially
exchangeable binary data from J = 2 groups and that we observe X;; and X2 from the
first group, and Xz from the second. Then, P[X;; =1, X12 =0, Xo; = 1] = P[X;2 =
1, X11 =0, X1 = 1] as this is a permutation within group 1. However, it is possible that
PX11=1,X12=0Xo; =1] # P[X;; =1, Xo; = 0, X; 2 = 1], since invariance with
respect to permutations across groups is not preserved. Similarly to the exchangeable case,
partial exchangeability implies the existence of a vector of (dependent) random probability
measures (P, ..., Py), such that X;; | P1,..., Py ind Pj, fori>1and j=1,...,J. From a
Bayesian perspective, modeling a partially exchangeable array is equivalent to defining a prior
distribution for a vector of dependent probability measures. Countless approaches have been
proposed in the literature and several success stories have been recorded. Notable instances
are hierarchical DPs (Teh et al., 2006), hierarchical normalized completely random measures
(Camerlenghi, Lijoi, Orbanz, et al., 2019), hierarchical species sampling models (Bassetti et
al., 2020), nested constructions (Rodriguez et al., 2008; Camerlenghi, Dunson, et al., 2019),
additive constructions (Miiller et al., 2004; Lijoi, Nipoti, et al., 2014), copula constructions
(Leisen et al., 2011), normalized compound random measures (Griffin et al., 2017), normalized
completely random vectors (Lijoi, Nipoti, et al., 2014; Catalano, Lijoi, et al., 2021), single-
atoms dependent processes (MacEachern, 1999; MacEachern, 2000; Quintana et al., 2022),
compositions of the some of the previous (Camerlenghi, Dunson, et al., 2019; Beraha et al.,
2021; Lijoi, Priinster, et al., 2023; Balocchi, George, et al., 2023; Denti et al., 2023), and many
others (e.g. Horiguchi et al., 2024; Yan et al., 2023; Bi et al., 2023; Lee et al., 2025).

The main goal of these approaches is to flexibly model dependence across populations to
facilitate the sharing of information. This is achieved by defining a collection of dependent
latent random probabilities (P, ..., Py), which in turn induce dependence among the observ-
ables X. Clearly, having a way to quantify the dependence between these random probability
measures is crucial to understanding and guiding such modeling strategies. The most widely
adopted measure of inter-population dependence is the pairwise correlation between P; and
Py, for j # k, evaluated on the same set A, namely

Cor[P;(4), Py(A)]. (1)

The main reasons this measure has become the benchmark for quantifying dependence are
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Figure 1:

threefold. First, for most models, it does not depend on the choice of the set A, allowing it
to be interpreted as a global measure of dependence. Second, it is often computable either
analytically or numerically, which greatly enhances its practical appeal. Third, although the
correlation in (1) relies only on the first two moments, it effectively summarizes the depen-
dence structure. On the one hand, it tends to agree with alternative, more complex measures
of dependence that account for the infinite-dimensional nature of the P;’s whenever these al-
ternatives can be computed (see Catalano, Lijoi, et al., 2021; Catalano, Lavenant, et al., 2024).
On the other hand, different correlation values correspond to markedly different behaviours
of the distribution of observable quantities; this is illustrated in Figure 1, which displays the
probability of observing a new species for three popular dependent processes as the correlation
varies. However, several fundamental questions remain open, and their resolution is crucial for
establishing a rigorous foundation for correlation as a measure of dependence in this context.
First, it is still obscure why (1) typically does not depend on the choice of the set A; related
to this, one would like to understand what conditions on the prior ensure that (1) does not to
depend on the set A. Second, the broader issue of how the properties of the latent random
probability measures P;’s translate to the observable quantities is still unexplored. This can be
decomposed into two key open questions in terms of correlation: (a) How does the correlation
among the latent P;’s translate into dependence among observations? (b) Are correlations
among the P;’s or observable quantities X reliable indicators of dependence? Specifically, are
there models for which Cor[P;(A), Py(A)] = 1 if and only if P; = P, almost surely (i.e., obser-
vations are exchangeable), and Cor[Pj(A), Py(A)] = 0 if and only if P; 1 P,?

These questions point to an even more general theme: many structural properties appear to



be shared across several classes of dependent processes (e.g., additive, hierarchical, nested,
or combinations thereof), and this naturally raises the question of whether it is possible to
identify a unifying framework, one that would: (i) encompass most existing models; (ii) allow
their structural properties to be studied in a unified way; (iii) provide a foundation for the
principled development of new models.

In this work, we provide comprehensive answers to the open problems outlined above.

Specifically, we introduce a new unifying framework for partially exchangeable data that en-
compasses most existing dependent nonparametric processes. The resulting class of nonpara-
metric prior processes is termed multivariate species sampling processes (mSSPs), as they play
the same foundational role for vectors (Py,..., P;) as species sampling processes (SSPs) do
in the univariate case. We characterize mSSPs through their partially exchangeable partition
probability function, which encodes the induced multivariate clustering structure. We show
that BNP models currently used for partially exchangeable data belong to a notable subclass
of mSSPs, which we refer to as regular, which enjoys additional appealing properties. We also
analyze the dependence structure of these processes and prove that borrowing of information
across groups is entirely determined by shared ties. This leads to new insights into the learning
mechanisms, offering a principled explanation for the correlation structure discussed above.
Beyond providing a cohesive theoretical foundation, our approach serves as a constructive tool
for developing new models and opens new research directions aimed at capturing even richer
dependence structures beyond the mSSP framework.
Finally, while mSSPs generalize SSPs, their essence lies in their multivariate nature: in par-
ticular, in the dependence induced across populations and, consequently, across elements of
the vector (Pi,...,Py). This feature is obviously absent in classical SSPs, and the struc-
tural unification of multivariate, infinite-dimensional objects represents a key innovation of
this work.

The paper is structured as follows. mSSP and the notable subclass of regular mSSP are
defined in Section 2. In Section 3, we derive expressions for marginal and mixed moments
of these latent processes in terms of observable quantities. A substantial part of this section
is devoted to analyzing the correlation between the random measures, and we provide the
theoretical foundations for it to be regarded as the benchmark measure of dependence within
the class of regular mSSPs, where uncorrelation implies independence. Sections 4 and 5 are
devoted to the study of the random partitions induced by mSSPs and their corresponding
predictive distributions, respectively. In Section 6, we compare the performance of different
regular mSSPs in the context of a multi-armed bandit problem aimed at maximizing species
discoveries, when sampling sequentially across multiple sites. Finally, Section 7 outlines fu-
ture research directions. The Supplementary Material contains a review of univariate species
sampling processes, all proofs, and further details on the application. Code to reproduce the
experiments is available at https://github.com/GiovanniRebaudo/MSSP.
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2 Multivariate species sampling processes

2.1 General multivariate species sampling processes

When extending a univariate random probability P to the multivariate setting involving a
vector (P, ..., Py) of random probabilities, the species sampling framework of Pitman (1996)
can be naturally generalized to multiple populations according to the following definition.
Recall that 7m = (7p,)5>1 is a sub-probability sequence if 7, € [0, 1], for any h, and D>, <, 7, < 1.

Definition 1. A vector of random probability measures (P, ..., Py) is a multivariate species
sampling process (mSSP) if

Py minda, + | 1= min | Po,  forj=1,....J
h>1 h>1

where Py is a non-atomic (deterministic) distribution on a space X, 7; = (7} )n>1 is a random
sub-probability sequence, for any j, and @ = (0}),>1 are i.i.d from Py and independent of
= (m,..., ) ~Lr. Wewrite (Pi,..., Py) ~ mSSP(Lyr, Py). Moreover, if >, o, mjn = 1,
for any j, (Pi,..., Py) is said proper. -

According to the standard terminology (see, for instance Ghosal et al., 2017), we refer to the
elements in 0 as atoms, labels, locations, or species, interchangeably, and to the elements in
7 as the weights of the mSSP. The structural independence assumption underlying SSPs of
independence between the locations and a single sequence of weights, is replaced by indepen-
dence between the locations (65)p>1 and an array of weights (my,...,7); the dependence
among the m;’s then induces a multivariate structure across populations. From Definition 1,
the link between mSSPs and SSPs is apparent: it is indeed straightforward to prove that each
coordinate of an mSSP is marginally an SSP. More generally, the class of mSSPs is closed

under marginalization.

Proposition 1. If (Pi,...,P;) ~ mSSP and {j1,...,jk} € {1,...,J} then (Pj,,...,Pj,) ~
mSSP.

At first glance, Definition 1 might lead one to think of an mSSP as arising from several uni-
variate SSPs sharing the same atoms, i.e., the atoms are given by the same sequence, (6p,)n>1
for each group. While this is certainly a possibility, the class of mSSPs is much more general.
In fact, each of the ;;’s might be zero almost surely, resulting in mSSPs where the random
probabilities P, ..., Py share only a handful or even none of the atoms with positive probabil-
ity. Hence, from an intuitive point of view, one should think of an mSSP as arising from several
SSPs, which potentially share atoms. Moreover, when investigating the pairwise dependence
and quantifying the extent to which species are shared between two random probabilities,
being able to distinguish between shared atoms (with positive probability) and idiosyncratic
ones is often helpful. Definition 1 does not convey this information explicitly, which motivates



the need for an alternative representation. Consider the bivariate mSSP (Py, P,), which is ob-
tained marginalizing a J-variate mSSP from Definition 1. Then, the following representation
is equivalent (almost surely).

Proposition 2. (P, P) ~ mSSP iff (P, Py) admits the following almost sure equivalent

representation

5. 1,2 j j .
P S A, 4 S wn t el ori=12 @
R>1 h'>1

with P[w%l}’f) 7r§1;l2) > 0] >0, forh=1,2,... and Zh21 Wj(-l,;z) + Zh'zo 7rj(.j}2/ =1, forj =1,2,

and where all the weights are independent of the atoms, which are distributed as 0;p, £ Py, for

j=0,1,2, h=1,2,.... By convention 22:1 xp =0, for any (xp).

Importantly, and in contrast to Definition 1, we now require IF’[W?,’? 7751,’12) > 0] > 0, which is

clearly equivalent to JP’[WS;f) > 0,71'571;12) > 0] > 0, for any h in the first sum. This condition
implies that the atoms in the first sum in (2) are common to both random elements with
positive probability, thus singling out atoms shared with positive probability. Conversely, the
terms in the second summation are almost surely specific to each P;, meaning that the corre-
sponding atoms cannot be shared across the two populations. Note that the non-atomicity of
Py implies P(0; y = 6, ¢) = 0 for all (j,h) # (j/,¢'). Finally, WJ(JO) is the cumulative frequency
of almost surely non-shared species that are observed just one time in the infinite popula-
tion sampled from P;. The advantage of the representation in (2), compared to Definition 1,
lies in the ability to immediately distinguish between shared and non-shared species. This
representation naturally extends to general J-variate processes with J > 2, enabling us to
distinguish between species shared across any subset of the P;’s. However, as J grows, the
notation becomes increasingly cumbersome, so we omit the explicit formulation here. More
importantly, representation (2) enables us to identify a notable subclass of mSSPs, which we
term regular and examine in the next Section. Although this subclass encompasses J-variate
processes (Py, ..., Py), with J > 2, it suffices to adopt the representation in (2) for any pair
(P}, Py) to fully characterize it. Finally, we define the pair consisting of a collection of random
variables X and the mSSP from which these observations are drawn as follows.

Definition 2. A partially exchangeable array X = (X;; : i € N,j € [J]), for some J € N,
follows a multivariate species sampling model (mSSM) if its de Finetti measure is an mSSP.
That is, for every j € [J] and for every i = 1,2, ...

ind
Xj,i | (Pl,...,PJ) ~ Pj, (Pl,...,PJ)NIHSSP(OCﬂ-,Po) (3)

2.2 Regular multivariate species sampling processes

A notable subclass of mSSPs, which we term regular, arises by imposing a simple independence
condition on the weights associated with the non-shared atoms. First, consider a bivariate

7



mSSP (Py, P») and define
()

. VDY)
@ = [ 2 for j =1,2
Z TF(])
>0 "5, >0

where the weights FJ(J})L, are as defined in (2) and by convention 0/0 = 0.

Definition 3. A bivariate mSSP (Py, P,) is regular (rmSSP) if #) 1L 7). A J-variate
mSSP (Pi,...,Py), with J > 2, is regular if (P}, Py) is a rmSSP for any j, k € [J], with j # k.

Intuitively, regularity requires that the relative frequencies of non-shared species are inde-
pendent for each pair (P;, P;) of populations. Note that if either P;, Py, or both have no
non-shared species in the representation (2), that is, if Y.~ Wé,% “2 0, then regularity is
trivially satisfied. From a statistical modeling standpoint, it is important to note that the in-
dependence condition required by Definition 3 is relatively mild and, in most applied contexts,
reasonable. This condition implies that the relative frequencies of non-shared species, i.e.,
(), should not influence the sharing of information across groups, once the total frequency
> k>0 7Tj(]]2 of these idiosyncratic species has been accounted for. Given that these species are
(almost surely) not shared among groups, this assumption seems very reasonable.

In the following, we focus specifically on rmSSPs and their use within BNP models, while
leaving a broader probabilistic study of general mSSPs for future work. Special emphasis on
the regular subclass is warranted for two main reasons. First, rmSSPs differ from non-regular
mSSPs due to the distinctive dependence structure that enables a remarkable characterization
in terms of correlation between the P;’s. This result does not extend to general mSSPs,
highlighting a fundamental difference between regular and non-regular mSSPs. Second, the
regular subclass is particularly relevant in statistics, as it encompasses all mSSPs currently
employed in BNP. Some of these will be illustrated in the examples below.

Henceforth, DP(«, Py) denotes the law of a Dirichlet process with concentration parameter
a and base measure Py (Ferguson, 1973), and GEM(«a) denotes a Griffiths-Engen-McCloskey
distribution (Sethuraman, 1994). PYP(o,«a, Fy) stands for the law of a Pitman-Yor process
with discount parameter o, concentration parameter o and base measure Py (Pitman and
Yor, 1997). CRM(p, ¢, Py) and NRMI(p, ¢, Py) indicate, respectively, the laws of a completely
random measure and a normalized completely random measure with intensity p, total mass
parameter ¢, and base measure Py (Regazzini et al., 2003; James, Lijoi, et al., 2009). GN(v, Pp)
denotes the law of a Gnedin process with parameter v, and base measure Py (Gnedin, 2010),
DM (1, Py) is the law of a symmetric Dirichlet-Multinomial process with M number of cat-
egories, concentration parameter 7, and base measure Py (Richardson et al., 1997). Finally,
SSP (L, Py) denotes the law of a (univariate) species sampling process with weights distri-
bution defined by L and base measure Py (Pitman, 1996). Recall that a concise account of
SSPs, including their associated exchangeable probability partition function (EPPF), predic-
tion rule, and notable special cases of SSPs, is provided in Section S.1 of the Supplement. In
the following, Py always indicates a generic non-atomic deterministic distribution.



In order to highlight the comprehensive nature of mSSP and its subclass given by rmSSPs,
we now show that several popular classes of dependent models are subclasses of rmSSPs and
hence, a fortiori, mSSP.

Example 1 (Hierarchical processes). Assume the distribution of (P,..., P;) coincides with
any of the hierarchical specifications listed in Table 1.

Table 1: Hierarchical processes (Teh et al., 2006; Camerlenghi, Lijoi, Orbanz, et al., 2019; Bassetti
et al., 2020)

Hierarchical Dirichlet Process (HDP) P Q Y DP(o,Q), Q ~ DP(ay, Py)

Hierarchical Pitman-Yor Process (HPY) P Q i PYP(o,,Q), @ ~ PYP(oq, o, R)

Hierarchical normalized completely random measure (HNRMI) P; | @ % NRMI (p,c,Q), @~ NRMI(po,co, Fo)

iid

Hierarchical Dirichlet-Multinomial (HDM): P; | Q ~DMpy(7,Q), Q ~ DMy (10, P)
Hierarchical Gnedin Process (HGN) P Q % GN(7,Q), Q ~ GN(v, )
Hierarchical Species Sampling Process (HSSP) P Q “ SSP(Lrj,Q), @ ~ SSP(Lr o, Py)

Since Zh/ZO,ﬂ'](Q, 20, for any j € [J], (Py,...,Py) is trivially a rmSPP.

Remark 1. SSPs are defined in terms of a non-atomic base measure Py (Pitman, 1996).
Hence, writing SSP(Lr j, @) in Table 1 represents an abuse of notation. However, since the
extension to the case where the “base measure” () can be an atomic discrete random measure
is immediate, we will also employ it in the sequel. Furthermore, after marginalizing out @), we

are back to the definition of mSSP with a non-atomic base measure.

Example 2 (Nested processes). Assume the distribution of (P, ..., P;) corresponds to any
of the nested constructions listed in Table 2.

Table 2: Nested processes (Rodriguez et al., 2008; Zuanetti et al., 2018)

id

Nested Dirichlet Process (NDP) P 1Q~Q, Q~DP(a,DP(5,F))
Nested Pitman-Yor Process (NPY) P Q%Q, Q~PYP(ou, a PYP(0s 5, P))
Nested Dirichlet-Multinomial (NDM) Q i Q, @~ DMy, (7o, DMy, (78, F))
Nested Gnedin Process (NGN) P Q o Q, @~ GN(v,,GN(y3, 1))
Nested Species Sampling Process (NSSP) P Q & Q, Q ~ SSP(Lyrp,SSP(Lir, F))

Since Zh'zo’ﬁg(‘jfz/ 20, for any j € [J], (Pi,..., Py) is a rmSPP.

Example 3 (Additive processes). Assume the distribution of (P,. .., Py) coincides with any
of the additive specifications listed in Table 3.



Table 3: Additive processes (Miiller et al., 2004)

Additive Dirichlet Process (+DP) Pi=¢; Qo+ (1—€6)Q;, Q; “DP(aj,P),j=01,...,J
Additive Pitman-Yor Process (+PY) Pi=¢Qo+ (1—¢€)Q;, Q; nd PYP(o;,0;, P), j=0,1,...,J
Additive Dirichlet-Multinomial (+DM) Pi=¢Qo+ (1—-¢€)Q;, Q; nd DM (75, Fo), j=0,1,...,J
Additive Gnedin Process (+GN) Pi=¢; Qo+ (1—6)Q;, Qi " GN(y;, Ry, j=0,1,...,J

Additive Species Sampling Process (+SSP)  Pj =¢€; Qo+ (1 —¢;)Q;, Q; ot SSP(Lrj, o), j=0,1,...,J

In this case, the idiosyncratic components are non-zero with positive probability. However,
it is simple to see that for any pair (Pj, P;) the required independence condition holds, i.e.,
7@ 1 () Thus, (P1,...,Py)is a rmSSP.

Example 4. (Completely random vectors, Catalano, Lijoi, et al., 2021). If (Py,...,Py) is
distributed according to any of the following:

e GM-dependent DP (GM-DP, Lijoi, Nipoti, et al., 2014):

Mo + s expd{—s ind exp{—s
Py = m, po ~ CRM((1 — 2)=2i=sd e Py ™ CRM (2222 ¢ )

e GM-dependent o-stable (GM-o, Lijoi, Nipoti, et al. 2014)'

Ho + Hj s~ ind gs”
p=—t0TH 0~ CRM L i % CrRM
T o(X) + (%) (1= 28557 Fo) SO

then, for any pair (Pj, Py) we have 7@ 1 () and, hence, (Pi,...,Py)is a rmSPP.
Moreover, if (P, ..., Py) is distributed according to a normalized compound random measures
vector (Griffin et al., 2017), then > ;o7 ](]) =0 for any j € [J] and, hence, (P1,...,Py) is a
rmSPP.

l1—0o

¢, Ry)

Example 5 (Hidden hierarchical DP). (Py,..., Py) is distributed as a Hidden Hierarchical

Dirichlet Process (HHDP, James, 2008; Lijoi, Priinster, et al., 2023) if
iid

. PilQ~Q, Q|Qo~DP(a,DP(5,Q0)) Qo ~ DP(fo, Fo)
then > ;5 7 h, 20 holds for any j € [J], and (Pi,..., Py) is a rmSPP.

Example 6 (Semi hierarchical DP). (Py,..., Py) is distributed according to a semi- hierar-
chical Dirichlet Process (semi-HDP, Beraha et al., 2021) if
id
Pi1Q™Q, Q|Qo~DP(a,DP(8,5Py+ (1 - r)Qo)), Qo~ DP(Bo, ).

Also in this case, we have ) ;- Fj(]}z, “2 0 for any j € [J] and (P,..., Py) is a rmSPP.
Example 7 (Processes based on stick-breaking constructions). Assume the distribution of
(Py,...,Py) coincides with any of the following:

e nested common atoms process (DnCAM, Denti et al., 2023), which is given by
id

PQ¥Q Q= z T8, Gy = ;wma@t, (1s)s>1 ~ GEM(a), (wr.s)i>1 ~ GEM(B);
t

10



e tree stick-breaking process with covariates (treeSB, Horiguchi et al., 2024), which corre-
spond to
f)j ~ treeSB(Po, {Fj,e}7 9)

Since Y ;>0 wj(.j}z, “2 0 for any j € [J], one has that (Pi,..., Py) is a rmSPP.

Example 8 (Vectors of normalized independent finite point processes). If the distribution
(Py,...,Py) coincides with a Vectors of finite Dirichlet process (Vec-FDP, Colombi et al.,
2025), i.e., (P1,..., Pjy) ~ Vec-FDP(A,v, ), then > ;- W](.],z, %20 for any j € [J] and, thus,
(Py,...,Py)is a rmSPP.

Example 9 (Independent processes). If (Py,..., P;) are independent SSPs, one trivially has
7@ L w®) for any j # k. Thus, (Py,...,Py) is a rmSSP.

3 Dependence structure and moments of mSSPs

3.1 Correlation and dependence

While mSSPs generalize SSPs, their essence lies in their multivariate nature and investigating
the dependence between elements of the vector (P, ..., Py) is a crucial task, even more so since
this aspect is obviously absent in univariate SSPs. Here we provide a solid foundation for the
use of correlation as measure of dependence for mSSPs: we derive interpretable expressions for
the correlation between pairs of random probability measures in terms of observable variables,
prove that the correlation equals one if and only if the data are fully exchangeable, and,
furthermore, show how zero correlation characterizes independence for regular mSSP. First,
we compute the marginal expected value and variance of the P;’s, which will turn out to be
helpful in the sequel.

ind

Proposition 3. If (Py,...,Py) is an mSSP and X;; | (P1,...,Py) ~ Pj, fori=1,2,... and
j=1,...,J, then

E[Pj(A)] = Py(A),  Var[Pj(A)] = P(Xj1 = X;2)Po(A)[1 — Py(4)].

Note that by marginal exchangeability, the tie probability P(X;; = Xj;,,) between observa-
tions from the same population j does not depend on the indexes (i,m). Moreover, using
representation (2), one can rewrite the tie probability of an mSSP as

P(Xj1=Xj2) =Y E {(Wﬁ)ﬂ +3E [(%/)2] _ (4)
h>1 h'>1

The link between tie probability and variance of a single homogeneous NRMI was first noted
in James, Lijoi, et al. (2006). Here we have established it for general mSSPs: since mSSPs do
not require specifying a law for the weights, this means that the link between variance and tie
probability is structural. However, this represents only our starting point in uncovering the
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crucial role played by tie probabilities for mSSPs.

The following simple, yet important, step consists of looking not only at the tie probabilities
within each population but also across. Also in this case, the tie probability across populations
g and k, P(X;; = Xj m), does not depend on the indexes (i, m) and equals

P(Xja = Xpa) = DB [ nl] o)
h>1

In section 4, we will also express the tie probability in terms of the more general law of the
partition induced at the level of the observables. We are now ready to compute the correlation
of mSSPs, a major highlight of this paper in terms of both understanding dependent models
and methodological implications.

Proposition 4. Let (Pi,...,Py) be an mSSP, X;; | (Pi,...,Py) ind Pj, fori=1,2,... and
j=1,...,J and A a (measurable) set such that 0 < Py(A) < 1. Then we have

P(X;1 = Xk1)
VP(Xj1 = Xj2)/P(Xp,1 = X 2)

This key result has several intertwined ramifications. First, it solves the open problem of

Cor[Pj(A), Pr(A)] =

Vi #£ ke [J].

identifying the reason for the correlation not to depend on the evaluation set A, which was
observed on a case by case basis in most currently employed models: by Proposition 4 for
any mSSM, the pairwise correlation between its elements is expressed exclusively in terms of
tie probabilities within and across groups; hence, by (4)—(5) it depends only on the weights
of the mSSP and it cannot depend on set A, which is characterized in terms of locations.
Second, Proposition 4 implies that correlation between random probabilities is a consequence
uniquely of ties between the observable species. Thus, the dependence boils down to ties across
populations and the learning mechanism runs exclusively through the ties. Further insights

on correlation as a measure of global dependence are collected in the following corollary.
Corollary 1. Let (Py,...,Py) be an mSSP, X;; | (P1,...,Py) nd Pj, fori=1,2,... and
j=1,...,J, and A is a (measurable) set such that 0 < Py(A) < 1. Then, for any j # k € [J],

we have
(i) Cor[P3(A), Pu(A)] > 0;
(c-ii) Cor[Pj(A), Pr(A)] =0 iff P(X;1 = Xi1) = 0 iff E[mj pmrn] =0, for any h;
(c-iii) If Pj and Py are equal in distribution, then Cor[P;j(A), Py(A)] = P(Xj1 = Xi1)/P(Xj1 =
Xj2)

Remark 2. The third statement is particularly appealing from an intuitive standpoint: in
the common situation of equal marginals, one can think of correlation as the ratio of the
probabilities of, respectively, “tie across groups” and “tie within a group”. Implicitly, this also
ensures that the tie probability “across groups” is always smaller than, or equal to, the one
“within a group”, which is a reasonable and appealing feature. See also Durante et al. (2025)
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for a discussion in the context of multilayer networks, where this ordering can be recast as a

desirable generalized homophily property.

Proposition 1 links correlation among pairs of P;’s with properties of observable quantities,
providing both an intuitive and rigorous foundation to the use of correlation as a measure
of dependence. However, this leaves an important question unanswered: how well does the
correlation capture dependence among different processes? Are the extreme situations of full
exchangeability, i.e., maximal dependence, and independence recovered when the correlation
equals one and zero, respectively? The next Proposition shows that a correlation equal to one
implies maximal dependence, that is, full exchangeability, of the observables.

ind

Proposition 5. Let (Pi,...,Py) be an mSSP, X;; | (Pi,...,Py) ~ Pj, fori=1,2,... and
j=1,...,J. Then, for any j # k € [J], we have

Cor[P;(A), P.(A)] =1 if and only if P; = Py
and X = (Xy;, 1> 1, £ € {j, k}) is exchangeable.

Corollary 1 and Proposition 5 jointly provide a straightforward interpretation of what happens
when the probability of a tie across groups approaches the probability of a tie within: the
correlation increases towards one and the dependence among the observations shifts from
partial exchangeability towards the extreme of full exchangeability.

The other extreme case, namely independence, is harder to recover from a situation of zero
correlation. However, if we restrict attention to rmSSPs, we are able to show that it is im-
possible to construct zero-correlated rmSSPs whose components are not pairwise independent.
This yields the desired characterization, but also highlights the natural role played by rmSSPs
within the general class of mSSP.

Theorem 6. Let (Py,...,Pj) be an rmSSP. Then, for any j # k € [J], we have
Cor[P;(A), P,(A)] =0 if and only if P; L Py.

Hence, within the class of rmSSP, on one hand, correlation equal to one implies exchangeability
and, on the other hand, correlation equal to zero implies independence among the P;’s and

across groups of observations.

Remark 3. Not all rmSSPs can achieve correlation exactly equal to zero or one, at least in
their standard definitions. To fix ideas, consider rmSSPs lacking idiosyncratic and improper
components (i.e., thl 7rj(lhj ) ot 1); one remarkable instance is given by hierarchical construc-
tions. For these processes, the situation of independence across groups is to be interpreted as a
limiting case. For example, J independent DPs arise from the HDP only if we let ag — c0. To
make things concrete and highlight how much literature we cover with mSSPs, Table 4 presents
the correlation, probability of ties, and the values of hyperparameters to attain independence

and exchangeability for a wide variety of models.
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From an inferential perspective, the dependence among the latent (Pi,...,P;) plays a key
instrumental role, since it induces dependence among the observations. We have already
recovered the extreme cases of exchangeability and independence of the observables as corre-
sponding to, respectively, correlation one and zero of pairs of P;’s. Nonetheless, the following
results, which hold for the entire class of mSSPs, highlight how the correlation among observ-
ables coincides with the tie probability. Further, we stress the implications on the induced
dependence among the data X.

Proposition 7. Let (Py,...,Py) be an mSSP, X;; | (P1,...,P;) ™' P;, fori=1,2,... and
j=1,...,J, and assume X = R. Then, for any j, k € [J] and any i,m, we have

Cor(Xji, Xm) = P(Xji = Xgm)-

Note that Proposition 7 holds true both within (i.e., j = k) and across (i.e., j # k) groups,
and thus, also for (univariate) SSP.

Corollary 2. Let (Py,...,P;) be an mSSP, X;; | (Pi,...,Py) ind Pj, fori =1,2,... and
j=1,...,J, and assume X =R. Then for any j # k € [J]

(c-i) Cor(Xji, Xkm) > 0;

(c-ii) Cor(Xji, Xgm) =0 iff P(Xji = Xigm) =0 iff Xji L Xim;

(c-iii) Cor(Xji, Xim) =0 iff E[mjpmpn] =0, for any h.

)

3.2 Higher moments of mSSPs

We now derive both marginal and mixed moments of any order. These can also be seen as
generalizations, to all SSPs and mSSPs, of the powerful results on joint moments of normalized
completely random measures (James, Lijoi, et al., 2006) and of hierarchical normalized com-
pletely random measures (Camerlenghi, Lijoi, Orbanz, et al., 2019), which leverage the Laplace
functional characterization of completely random measures. Here we show that moments can
be computed in the class of mSSPs even for elements unrelated to completely random measures
and/or to hierarchical processes. The following two propositions provide the expressions for

the marginal moments.

ind

Proposition 8. Let (Pi,...,Py) be an mSSP, X;; | (Pi,...,Py) ~ P}, fori=1,2,... and
j=1,...,J. Then, for every q € N,

BIP (4] = B | Py .

where KR; is the random number of unique species in a sample of size q from P;.
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Table 4: Correlation, tie probabilities and extreme cases. From left to right: type of mSSP (notation
defined in Examples of Section 2.2); pairwise correlation; probability of tie across and within groups;

values to which the hyperparameters should converge for the correlation to converge, respectively,

to 0 and 1 (while P(Ties Within) does not converge to 0 or 1).

Process Correlation P(Ties Across) P(Ties Within) Indep. Exchang.
1+ 1 l+a+ag
HDP —_— —_— L
1+a+ag 1+ag (1+a) (14 ag) Qo> Foo oo
HPY (14 a)(1 —09) 1—o09 (1 —000) +a(l —0q) + ap(l — o) ay — 00 a — 400
(1=000) +a(l —ag) + ag(l — o) 1+ap (I+a)(1+ag) orog— 1 oro—1
(L+7)(1+7M) 1+ (147 M)(1+ 710 Mo) — ro(M = 1)(My — 1)
HDM M « M
(T+ 7 M)(1+ 70 My) — 770(M — 1)(Mo — 1) T+ 70 My (1+ 7 M)(1 + 70 Mo) 0 Fee e
HGN Yy +1) 2y 2(v + ) 50 0
i (v+%) Yo+ 1 (y+ Do +1) ° '
HSSP EPPF() ’ EPPF)(2) EPPF?)(2) + EPPFY(1, DEPPF?(2)  EPPF®)(2) =0 EPPF(2) =0
EPPFY(2)+EPPFY)(1.1)EPPF ) (2) 10 L1 2145 10 Lov4) = LIV =
1 1 1
NDP —_— —_— — 0
I+a (I4+a)(1+p) 1+5 @ teo =
NPY 1-o0, (1—04)(1—0p) 1-o0p o — +00 (o, 00) =
1+a (1+a)(1+p) 1+5 or o, — 1 — (0,0)
1+, (A +7a)(1+75) 1+75
NDM —_— - M, M, —1
T+ 7, (T 7 M) (1 + 7505) T+ 0, e -
NGN 2%a 47a78 27p 0 PO
: Ya+1 (Ya+ (s +1) v +1 ’“ ”
NSSP EPI;F:I?M) EPPF®)(2)EPPF?)(2) EPPF()(2) EPPF®)(2) =0 EPPF(2) =1
3k . .
+DP 1+ a Sk g 0-9p =0 =1
sz (1-¢)? & (1—e)? 1+ag 1+ag 1+ a;
+ +
1+aq 1+a; 1+ ag 1+ ag
;e (1 — 0q) )
LPY 1+a &6 (1= 00) Gl-on) (-gP1-0) et 1
Gl-00) (1-6)?(1-0)) (-0 (-0 L+ao L+ao L+ay
14+ ag 1+ ay 1+ag 1+ oy
eer(1+m)
our 1+ 10 M, €;ep(1 4 70) Sl+mn)  (1-¢)(1+7) e=0 e=1
ff(lJrTu) N (17(J)2(1+TJ) 2(1+m) . (1— )21 +7) 1+ 79 My 1+ 79 My 1+ 7; M;
1+ 7 M, 1+ 7 M; 1+ 1 My 1+ 7 My,
€€k 27
&% 270 2o
+GN : ot 1 & 2% 920 | (-eP2y e=0 e=1
((jzw (1 7”)227,) (e';z% 1 ﬁk)zzqk) Yo+l Yo+l %+l
520 BTG A (Gt | 0T ) 2T
Yo +1 v +1 Yo+ 1 1
2 . ) . .
+SSp _ o BPPF, ) _ ¢;exEPPF()(2) @EPPFY)(2) + (1 — ¢;)’EPPF{)(2) e=0 e=1
\/((fEPPFﬁ‘Z,(z)H17(,)2EPPF§Z§ @) @EPPF?)(2)+(1-¢,)2EPPF ) (2))
(1—2)c (1—2)c 1
GM-DP 3Fy(a,1,1;0,0;1)* = 2 Fy(a,1,1;b,b; 1)** —_— z=1 =0
T+c ® a(a i) (T+o2? (e, ) 1+e¢ :
GM-o (1= 2)9(c, z)>** (1=2)(1=0)9(c,2) -0
HHDP ok R T 14846 (o, 80) = 00
1+a)(fo+p+1) Bo+1  (1+a)(l+B)(1+p) (1+8)(1+Bo) — (+00, +00)
Bo 1 1 @ 1
CAM - — |+ N 0
1 28+ 1)(1+a) 1+a (1+3+23+1> 1+ one a“
* EPPF., and EPPF.; are induced by L1 = ... = L5 s and L7 o, respectively. ** 3F, is the generalized hypergeometric function and a = a(l —2z) +2,b=a +2 ** (e, z) = %fol mdw

Proposition 9. Let (P,...

Then, for any sequence q1,q2, - - -

,Py) be an mSSP and {A4,..
,qn, with g € N fori=1...,h, we have

AR} be pairwise disjoint sets.

) ) KD
E[P;(A1)? -+ Pj(Ap)™] = E | Po(Ar) "t Py(Ag) arttiaz - Py(Ap) —1ttan | B | P(Ey),

where KC(LJZZ s the random number of species in the “block of observations” from the a-th to the

b-th observation, in a sample of size q1 + -+ + q from Pj, and E4 is an event that occurs if

no shared species are recorded across the different groups of observations.
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The following two theorems provide the expressions for the mixed moments.
ind

Theorem 10. Let (Py,...,Py) be an mSSP, X;; | (P1,...,Py) ~ Pj, fori=1,2,... and
j=1,...,J. Then, for any sequence qi1,q2,...,qs, with ¢; € N fori=1...,J, we have

E[P(A) - Py(A)V] = E[Py(A)farmar],

where Ky, .. 4, 18 the overall number of species observed in a sample that contains q; observa-

J

tions from Pj, for j =1,...,J.

Theorem 11. Let (P,..., Py) be an mSSP and { A1, ..., As} be pairwise disjoint (measurable)
sets. Then, for any sequence q1,qo,...,q5, with ¢ € N fori=1...,J, we have

e KD
E[P1(A1)? --- Py(As)¥] = E |Po(A1) o - Py(Ag) 1 | Ex| P(Ey),

where K{](L is the number of observed species from population j, in a sample which contains

q; observations from P, for j =1,...,J.

Importantly, these results showcase that higher-order moments of an mSSP evaluated on (mea-
surable) sets can be meaningfully interpreted in terms of simple observable quantities like the
random number of observed species within and across groups. Hence, interpretability is not

unique to correlation.

4 Partially exchangeable partition function

In the exchangeable case, the random partition induced by a discrete nonparametric prior
is characterized by the exchangeable partition probability function (EPPF), a concept intro-
duced in Pitman (1995). The EPPF plays a fundamental role across several domains, in-
cluding combinatorics, stochastic process theory, population genetics, Bayesian statistics and
machine learning; see Pitman (2006) and references therein. It also underpins models in ecol-
ogy and natural language processing, where exchangeable clustering structures naturally arise.
The EPPF associated with the DP corresponds to Ewens’ sampling formula (Antoniak, 1974;
Ewens, 1990); see Crane (2016) and Tavaré (2021) accounts of its widespread applications.

Moving from exchangeability to partial exchangeability, the counterpart of the EPPF is the
partially exchangeable partition probability function (pEPPF), which characterizes the ran-
dom partition induced by a partially exchangeable array. This concept is different from the one
introduced in Pitman (1995), which is unrelated to the original definition of partial exchange-
ability in the sense of de Finetti that we adopt here. The notion of pEPPF first appeared in
Leisen et al. (2011) and Lijoi, Nipoti, et al. (2014) for specific instances of dependent processes,
and it started being leveraged in a systematic way for other subclasses of dependent processes
only recently in, e.g., Camerlenghi, Lijoi, and Priinster (2017), Camerlenghi, Lijoi, Orbanz,
et al. (2019), Camerlenghi, Dunson, et al. (2019), Beraha et al. (2021), Lijoi, Priinster, et al.
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(2023), and Denti et al. (2023). Its absence from the classical probabilistic literature may stem
from the fact that, unlike in the exchangeable setting where the EPPF can often be defined
directly without invoking an associated exchangeable sequence, the partially exchangeable
case lacks a similarly tractable direct construction. Instead, the pEPPF arises naturally by
marginalizing a partially exchangeable array of random elements, which represents the canon-
ical approach to deriving the corresponding random partition within the BNP framework. In
multi-population species sampling problems, where the values sampled from Py serve solely
as species labels with no numerical meaning, the pEPPF uniquely determines the marginal
likelihood of the observations. Similarly, in the context of model-based clustering or latent
multi-level modeling, the pEPPF encapsulates the underlying clustering mechanism. Impor-
tantly, from a computational perspective, the pEPPF also plays a pivotal role as it provides
the key ingredient for deriving marginal posterior sampling schemes.

Let us now formally introduce the pEPPF induced by any vector (P, ..., Py) of random
probability measures with possibly discrete components. A sample (X;; : i € [I;],,j € [J]),
where I; denotes the sample size of group j and n = ijl I; is the total sample size, induces
a random partition of the integers [n| based on the ties among the observations. To see
this, let the integers label the observations according to their order of arrival by group, that is,
observations are indexed first by group 7 =1, ..., J, and then by within-group order of arrival.
Specifically, observation Xj; is associated with the label Z;,_:l , Lir +i, for any ¢ = 1,..., ;.
The resulting random partition can be usefully characterized by the corresponding pEPPF.
To this end, let D be the number of distinct values among the n = Z}'le I; observations
in the sample (X;; : i € [I;],j € [J]). For each group j, define the vector of frequency
counts m; = (nj1,...,n;jp), where n; 4 indicates the number of observations in the jth group
that coincide with the dth distinct value, indexed according to the order of arrival by groups.
Clearly, n; 4 > 0 and by construction E;-le n;q > 1, since each distinct value must appear in
at least one group. The count n;4 = 0 indicates that the dth distinct value does not occur in
group j, while it is shared between groups k and [ if and only if ng 4n;4 > 1. The law of the
resulting random partition is characterized by its pEPPF, defined as

D
pEPPF (ny, ..., ny) :E[/ [T Pi(dzg)me ... Py(dzg)" |, (6)
X2 =1
under the constraint that 25:1 n;q = 1Ij for each j = 1,...,J, and where X denotes the

space in which the Xj;;’s take values, while XD denotes the subset of XP consisting of vectors
with all distinct entries. We stress that the expectation in (6) is taken with respect to the
joint distribution of the vector of random probability measures (Py,..., Py), that is, the de
Finetti measure associated with the partially exchangeable array. An important special case is
immediately recovered when J = 1, namely the single population setting: indeed, the pEPPF
in (6) reduces to a standard EPPF. Moreover, if J = 2, the probability of a tie across groups
coincides with pEPPF{?(1,1).

Clearly, if (Py,..., Py) is an mSSP, it induces a pEPPF as defined by (6). But what about
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the converse? Given a pEPPF, does there exist an mSSP, up to the choice of an independent,
non-atomic base measure Fy, that generates it? This amounts to asking whether every pair of
pEPPF and independent non-atomic Py determines a unique mSSP. The next result provides

an affirmative answer and, as a by-product, yields an intuitive generative construction.

Theorem 12. Let I1,, be any pEPPF as in (6) and Py be a non-atomic (deterministic) prob-
ability measure. Consider the partially exchangeable array X = (X;; : i € N, j € [J]) such
that for any non-negative integers In,...,1; the variables (X;; : i € [I;], j € [J]) follow the

generative scheme:
1. sample the random partition 1L, from the given pEPPF;

2. conditionally on the partition 11, sample from Py the iid unique values associated with

each partition set.

Then, the de Finetti measure associated with X is the law of an mSSP.

Remark 4. At first glance, the previous result may seem surprising: any pEPPF in (6),
regardless of whether (Pj,..., P;) generating it is an mSSP or not, identifies an mSSP by
pairing it with an independent non-atomic base measure Fy. The core idea behind such a
fundamental result is that the distribution of the weights of the directing probability measure
is what characterizes the partition induced by the ties of any (infinite) partially exchangeable
array. Hence, if the dependent process (P, ..., P;) inducing the pEPPF is not an mSSP (for
instance, due to dependence between weights and locations), one can still identify an mSSP,
say (Pf,...,P7), based on the same pEPPF. The two vectors (Py,...,P;) and (Py,...,P})
will generally have different distributions, although they share the same pEPPF. In other
words, the pEPPF characterizes the multivariate partition structure, but not the law of the
partially exchangeable array. Recovering the latter requires specifying a mechanism for atom
assignment, with the independence required by mSSPs representing a simple and tractable
choice. Crucially, this implies that the random partition structure of any partially exchangeable
array can be studied via the pEPPF of an mSSP, making mSSPs the natural framework for
analyzing and understanding the discrete structure of arbitrary dependent vectors and partially

exchangeable partition models.

The notion of pEPPF also enables us to restate the pairwise correlation results from Sec-

tion 3.1 within its more general structure. For instance, one can express

pEPPF(?(1,1)
2 2 ’
PF® (1),/EPPF) (1)

Cor[Pj(A), Pr(A)] =
\/EP

where EPPF; denotes the marginal EPPF corresponding to P;. Similarly, the correlation
between observations satisfies Cor(X;;, Xp m) = pEPPFf)(l, 1).
Finally, we record an alternative representation of the pEPPF in terms of the weights

associated with a proper mSSP.
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Proposition 13. Let (P,..., Py) be a proper mSSP. Then

J D
pEPPFg)(nl,...,nJ):E[ 3 HHW%Z]- (7)

hi#..#hp j=1d=1

5 Predictive structure and inference

In the exchangeable case, the predictive distribution of an SSP admits a simple and elegant
representation, with weights expressed as ratios of the associated EPPF (Pitman, 1996). The
sequential mechanism that generates these prediction rules is known as the generalized Chinese
restaurant process: observations correspond to customers entering a restaurant, each choosing
to sit either at an already occupied table or at a new one. Each table serves a unique dish
drawn independently from FPy. The predictive distribution is given by

EPPF%H)(nlv---vnk-i-l,---,nK)

EPPFY (n1,...nk,. i) g

(nt1) (8)
EPPF (N1, Mgy i, 1)

K+1 i = X*
ifxr=X
EPPF) (n1,...mp .. mc) A

ifr=X; andk=1,....K
P(Xpt1=2|X) =

where (X; : k =1,...,K) are the K distinct values observed among Xy, ..., X,, appearing
with frequencies (n1,...,nx) and drawn i.i.d. from Py. These probabilities follow from condi-
tioning on the observed partition: the EPPF in the numerator is updated either by increasing
the count of an existing cluster or by adding a new singleton cluster. See Section S1 of the
Supplementary Material for further details.

In the partially exchangeable framework, the pEPPF associated with an mSSP naturally
gives rise to a multivariate generative mechanism, where predictive distributions are again
expressed as ratios of pEPPFs. We refer to this construction as the multivariate generalized
Chinese restaurant process (mgCRP). It differs both from the classical generalized Chinese
restaurant process and from common multi-population extensions typically modeled as restau-
rant franchises. Unlike the latter, we do not introduce multiple restaurants. Unlike the former,
although we retain a single restaurant in which each table serves a unique dish and a customer
at a new table receives a previously unserved dish, the allocation mechanism is more intricate.
Specifically, the probability that a customer sits at a given table depends not only on the
current seating configuration, but also on the group of the incoming customer and the group
membership of those already seated. Remarkably, these allocation probabilities can still be
expressed as ratios of pEPPFs; a fact that is both natural and striking. The resulting mgCRP
is formalized in the next proposition.

Proposition 14. Let X be a partially exchangeable array directed by a de Finetti measure
given by the law of an mSSP (Pi,...,Pj). For any j € [J], the corresponding predictive
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distributions are characterized by an mgCRP of the form

pEPPF(Dn+1>(n1,...,[TLjyl,...,TLjJ‘Fl,...,TLLD],...,’nJ)

J X7 PEPPF(Y (n1,00 [, 1seees10j 0o, Dm0 )
Xj,lj—i-l | (Xj,lzlj)j:1 = [ . J’ >
X* w p pEPPFD+1 ([nl70}7[’”]',17-~~:nj,l7~-'»nj,D»l]y-“:[nJ’OD
new pEPPF<Dn>(nl7...,['”]"1,...ﬂ'Lj,l7...,nj7D]7...,nJ)
where (X7{,..., X}) are the D unique values in (X 1.1, )3-]:1 listed in order of arrival by group,
n=>_.1I; an represents a new species sampled independently from P.
i1 d X} ., rep t D pled independently P,

Although the predictive scheme in Proposition 14 follows naturally from the structure of the
pEPPF and stands out for its theoretical elegance, its computational feasibility depends heav-
ily on the ability to evaluate ratios of pEPPFs. Unlike the case of univariate SSPs, where such
ratios are sometimes available in closed form, the multivariate setting rarely admits simple
analytic expressions. Exceptions are limited to trivial cases that reduce to univariate specifi-
cations, such as independent or almost surely identical Gibbs-type priors. Section S.1 details
explicit predictive schemes for specific univariate SSPs within the Gibbs-type family (Gnedin
and Pitman, 2006; Lijoi, Mena, et al., 2007a), arguably the most tractable generalization
of the DP (De Blasi et al., 2015). Nevertheless, it is important to note that mSSPs used
in Bayesian modeling give rise to pEPPFs that are obtained as mixtures of EPPFs. This
includes models such as the HSSP, NSSP, +SSP, and various combinations thereof. Thus, im-
plementable predictive sampling schemes can typically be derived through data augmentation
strategies that exploit the tractability of the underlying EPPFs. These techniques leverage
latent variables that simplify ratios of pEPPF's to ratios of products of EPPF's, greatly simpli-
fying computations. A prominent example is the Chinese restaurant franchise representation
for the HDP (Teh et al., 2006). The following examples present such augmented formulations
of the pEPPF, which enable tractable predictive schemes and facilitate the design of marginal
Gibbs samplers, for three large classes of regular mSSPs, namely HSSP, NSSP, and +SSP.
Let pEPPFgL;ug(nl, ...,nj, £, q) denote the augmented pEPPF, in the sense that the original
pEPPF can be recovered by summing over all possible values of the latent variables £ and gq,

ie., pEPPF(Dn> (ny,...,njy) = E&q pEPPF(DTLLug(nl, .o,ng, £,q).

Example 1 (Continue). If (Py,..., Py) is an HSSP, then

pEPPF(™

l.. I;
D7aug(ln’17 - Mg, £7 Q) = EPPF(Db) (€~,17 s 7£~,D> Hj:l EPPFéjf)’] (Qj,lﬂ s 7q3',€j,.)a

(9)

where for j = 1,...,J, EPPFgf)’j(qﬂ, .++»qjy,.) denotes the EPPF induced by £ ;, which
characterizes a latent partition of the I; observations of group j into ;. blocks of cardinalities
¢j15- -+, - Conditionally on these partitions, all the /.. = ijl ¢;. blocks (we use the -
notation indicates summation over the corresponding index set) are grouped into a coarser
partition of D blocks, each corresponding to a distinct observed species. The distribution of
this coarser partition is characterized by the EPPF%;’d)(ﬁ.J, ...,¢. p) induced by Q.
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Example 2 (Continue). If (Py,..., P;) is an NSSP, then

PEPPE( ) o(na,. .. ny, £, q) = EPPFY (61, £p) TI BPPF R (g1, ap,.),

(10)
where EPPF%%(&, ...,¥R) denotes the EPPF induced by Lo that controls the clustering of
the group labels j = 1,...,J into R blocks (obtained from the ties among the P;’s). Let
Px Y SSP(Lx, Py) m =1, ..., R be the unique values of (P]-)j-]:1 in order of arrival and let I* =
> j:Pj=Pr I; be the number of observations from the £, groups assigned to ). Conditionally
on this clustering of the groups, for r = 1,..., R, the EPPFgf)(qL., ...,qp,,) describes the
distribution induced by P characterizing the partition of the I observations assigned to P*
into D, distinct species. Since the P’s do not share atoms a.s., it follows that the total number
of distinct species is given by D = Zle D,.

Example 3 (Continue). If (P,..., P;) is a +SSP, then

J

J
. 0
PEPPFY), o(n, ... my £, q) = [[ 01— )5 [ EPPng?j(qj,l, e @iDy); (11)
j=1 J=0

where ¢y and ¢; = I; — {y denote, for each j € [J], the number of observations assigned to
the shared SSP @)y and to the idiosyncratic SSP @);, respectively, while e§°(1 — ej)gj is the
probability of the i.i.d. latent assignment of the I; observations via Bern(e;). Conditionally on
these latent assignments, for j = 0,...,J, EPPF(DZ;?j(qj,l, .-+, qj,p,;) is the EPPF induced by
Q; that governs the clustering of the ¢; observations assigned to (); into D; unique species.
Since the @);’s do not share species a.s., the total number of distinct species across all groups
is given by D = Z}]:o D;.

The hierarchical representations of the pEPPF derived in (9), (10), and (11), expressed as
products of simple EPPFs in an augmented space, allow for simplifying the ratio in Proposi-
tion 14 into a product of tractable predictive expressions, analogous to those of the Chinese

restaurant process.

6 Multi-armed bandits for species discovery

Among the numerous application areas of dependent processes, which include density regres-
sion, spatio-temporal analysis, functional data, survival analysis, topic modeling, hierarchical
and multi-level clustering, and ANOVA-type models, here we focus on a multi-armed ban-
dit problem connected to species sampling. Embedding the analysis within the framework of
mSSMs offers a principled way to compare different classes of models. Our structural results
for mSSMs allow model parameters to be chosen so that relevant prior quantities coincide,
enabling fair performance comparisons among competing approaches. A systematic investiga-
tion of which models are preferable in specific settings is beyond the scope of this paper, but
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the general strategy is clear: calibrate prior parameters to match the aspects that are most
critical for the task at hand, and evaluate inferential performance accordingly. This will be
the focus of future work.

A Bayesian nonparametric approach to species sampling problems in the single population
case, i.e., J = 1, was introduced by Lijoi, Mena, et al. (2007a), where Bayesian analogs of the
classical Turing and Good-Toulmin estimators (Good, 1953; Good and Toulmin, 1956) were
derived. In this setting, a random probability measure P models the species proportions in
the population, and, given an observed sample, the main goal is to estimate the probability of
discovering a new species either at the next step or after an additional m unobserved draws.
Following Lijoi, Mena, et al. (2007a), there has been a rich literature exploring alternative
prior specifications, estimation of diverse functionals and quantities of interest, and a wide
range of applications. For detailed reviews, see De Blasi et al. (2015) and Balocchi, Favaro,
et al. (2025), and references therein.

The multi-sample setup with J populations modeled through a vector of dependent random
probability measures (P, ..., Py) was first studied in Camerlenghi, Lijoi, and Priinster (2017).
A sequential perspective was adopted in Battiston et al. (2018) and Camerlenghi, Dumitrascu,
et al. (2020), with the goal of designing an optimal sequential sampling strategy to maximize
the diversity of the observed species. This involves deciding, at each step, which population
to sample from, while sequentially incorporating information from previously observed species
across populations. The problem naturally fits within the framework of multi-armed bandits,
where each arm represents a population and a unit reward is earned upon discovering a new
species. Such problems arise in ecology and biology, where sampling from diverse environments
alms to uncover new species, and in genomics, where the objective is often to detect as many
genetic variants as possible (see, e.g., Lijoi, Mena, et al., 2008; Masoero et al., 2022).

6.1 Real data

Here we consider a multi-armed bandit problem of trees’ species discovery, using the dataset
of South American tree species publicly available in the supplementary materials of Condit
et al. (2002). The dataset records 41,688 trees observed across 100 plots, comprising 802
distinct species. In accordance with Battiston et al. (2018), we aggregated the 100 plots
into four larger groups based on spatial location, joining columns in the dataset whose codes
begin with BCI, P, S, and C, respectively. These four groups define the J = 4 alternative
arms. The empirical distributions and empirical tie probabilities (i.e., relative frequencies)
for each group are shown in Figure 2. Further details on the dataset can be found in Pyke
et al. (2001), Condit et al. (2002), and Battiston et al. (2018). The four arms corresponding
to the trees’ populations in the four different regions are modeled as a vector of dependent
random probabilities (P,..., Py), each representing a population whose species composition
is initially unknown, both in terms of presence of a species and relative abundance. Species
may be shared across arms, possibly with different frequencies, making the rmSSP framework
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Figure 2: Empirical distribution functions of the four groups (left) and empirical tie probabilities
(right), computed from the full dataset. In the left panel, species within each group are ordered

according to their frequency ranking in Group 2.

a natural modeling choice.

Within this setup, we compare the performance of six rmSSPs in maximizing the number of
distinct observed species in an additional sample. For each model, the sampling strategy to
achieve this goal consists of selecting at step n + 1 the arm with the highest estimated proba-
bility of discovering a new species, based on observations collected up to step n. Specifically,
at each step we choose the arm j that maximizes P(X} I+1 ¢ Xopast | Xpast), where X paq
denotes the previously observed species across all sites. We also contrast these model-based
approaches with a simple baseline that selects an arm uniformly at random at each step, which
we refer to as the uniform model.

The six rmSSP models we compare are: independent DP and PYP, additive DP and PYP, and
hierarchical DP and PYP. We assign hyperpriors to the concentration parameter in each DP-
based rmSSP and to both concentration and discount parameters in each PYP-based rmSSP.
To ensure a fair comparison, these hyperpriors are chosen so that the prior mean and variance
of the tie probabilities, within groups for all models and across groups for those that borrow
information, match across all six specifications. This calibration reflects two considerations.
First, in a species sampling problem, where our objective is to maximize the species diversity,
it is sensible to set the probability of not discovering a new species, i.e., the probability of ties,
equal across all models. Second, by the results of the previous section, the tie probabilities
effectively capture the dependence structure and information-sharing behavior for any rmSSP,
regardless of the specific application at hand. Full details on model definitions, sampling
algorithms, and hyperprior settings are provided in Section S.3 of the Supplementary Material.
Figure 3 showcases the average cumulative number of species discovered by the two hierarchical,
the two additive, and the two independent rmSSP models, each also compared to the uniform
model, as a function of the number of additional samples. Table 5 reports the average number

of new species discovered per sampling step. All results are averages based on 20 runs. In each
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Figure 3: Tree species data: cumulative number of species discovered as a function of the additional
sample size for each rmSSP model and the uniform baseline.

Tree data
Uniform DP PY +DP +PY HDP HPY
Avg. num. 0.2608 0.2965 0.3060 0.2900 0.3186 0.3115 0.3298

Table 5: Tree species data: Average number of new species discovered per sampling step for each
rmSSP model and the uniform baseline.

run, we begin with an initial sample of 30 observations per arm (drawn without replacement
from the full dataset), then sample 300 further observations sequentially according to each
strategy and record the species discoveries.

Several noteworthy insights emerge from this experiment: (a) All rmSSP models are clearly
superior to the uniform baseline. (b) The two PYP-based rmSSPs consistently outperform their
DP-based counterparts, thanks to the extra flexibility provided by the discount parameter,
which governs the rate at which new species appear. (c¢) With the exception of the +DP,
all models that borrow information across populations yield higher discovery rates than the
independent specifications. The +DPs weak performance stems from its underlying assumption
that shared-species frequencies are proportional across populations, which seems inappropriate
in this setting, and its lower flexibility compared to PYP, which prevents it from compensating
for this misspecification. To the best of our knowledge, this limitation of the +DP has not

been previously noted in the literature.

6.2 Synthetic data

The tree dataset exhibits high probabilities of ties across samples (see the right panel of Figure 2
and recall that such probabilities are bounded above by the probability of a tie within a sample)
and, thus, distributions in different samples are highly similar. This makes it quite apparent
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that borrowing information across groups is advantageous. Therefore, one could argue that
the setting considered is overly favourable to rmSSPs relative to the independent models. To
assess whether, and under which conditions, borrowing information may become detrimental,

we repeat the analysis on a simulated dataset. In the simulation experiment, we consider

Group8  2e-05 5e-05 7e-05 2e-05 5e-06 4e-06 1le-06 -
Group7 1e-04 4e-05 9e-05 1le-04 1e-06 8e-04 - 1le-06
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Figure 4: Probabilities of ties based on the true distributions in the simulated scenario.

eight populations. The true distribution of each arm is supported on a subset of 2,500 species
randomly drawn from a total of 3,000, allowing for partial overlap of the supports across arms.
Each arm follows a Zipf distribution, where the probability assigned to the kth most frequent
species in population j is proportional to k™%. We set s; = 1.3 for j = 1,2,3,4 and s; = 2 for
j =5,6,7,8 (cf. Battiston et al., 2018). However, before assigning the Zipf probability mass
function, the 2,500 selected species in each population are randomly permuted, leading to
markedly different probability mass functions and low probabilities of ties across populations.
See Figure 4. This scenario represents a worst-case setting for non-independent rmSSPs:
although some species are shared across populations, borrowing information is undesirable.
Figure 5 and Table 6 report averages over 20 runs. Comparisons are made against both the
uniform model and the oracle model, which selects the arm with the highest true frequency of
unobserved species. The results show that even in this scenario, the hierarchical and additive
rmSSPs perform on par with the independent models, and close to the oracle in terms of
species discovery. This finding is reassuring, as it indicates that borrowing information, while
unnecessary here, does not degrade performance.

Simulated Scenario with low prob. of ties

Uniform DP PY +DP +PY HDP HPY Oracle
Avg. num. 0.2335 0.3317 0.3298 0.3312 0.3262 0.3322 0.3237 0.3467
RMSE NA 0.1563 0.0743 0.1621 0.0655 0.1929 0.0655 0

Table 6: Simulated scenario with low probability of ties across populations: Average number of
species discovered per sampling step (Avg. num.) and root mean squared error (RMSE) of the
estimated discovery probabilities in each population.
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Figure 5: Simulated scenario with low probability of ties across populations: Number of species discovered

as a function of the additional sample size in the rmSSPs, the uniform model, and the oracle model.

7 Conclusion

We introduced the class of mSSPs, a general framework extending Pitman’s classical theory
of species sampling models to the partially exchangeable setting. Our contribution is twofold.
First, the mSSP framework provides a unifying perspective that encompasses most existing
dependent nonparametric priors. It fundamentally advances the understanding of their be-
haviour by revealing that borrowing of information across groups is fully determined by ties
within and across groups. These insights lead to principled strategies for prior specification,
model calibration, and fair comparison across different subclasses of mSSPs. A systematic
empirical comparison of competing models will be pursued in future work.

Second, our approach is constructive. It provides a modular recipe for building new models
by combining EPPFs into structured dependence mechanisms. This allows for the design of
both new classes of mSSPs and novel models satisfying alternative probabilistic symmetries
beyond partial exchangeability. A first contribution along this path can be found in Fasano
et al. (2025).

In addition to the systematic performance comparison of existing mSSPs and the development
of new models, two further research directions emerge. Our finding that borrowing of infor-
mation is entirely governed by ties suggests that standard dependence measures may not be
well-suited to random discrete structures. This calls for a new theoretical framework based on
the role of ties in generating, interpreting, and quantifying dependence. A second, more prob-
abilistic direction is to develop a standalone framework for pEPPF's, decoupled from partially
exchangeable arrays, that incorporates any sequential generative construction.
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S.1 Some basics on (univariate) species sampling

In classical species sampling problems, a random sample (X7i,...,X,) is extracted from an
unknown and typically discrete distribution and each observed value corresponds to the species
of a drawn individual. Denoting with P the unknown distribution of species in the population,
we have
XZ-|P%1P fori=1,...,n.

To develop a Bayesian model for species sampling problems, a prior must be defined over the
unknown distribution P. In the univariate setting, the problem can be tackled relying on
the large class of priors provided by species sampling processes (SSP), introduced by Pitman
(1996) as a generalization of the Dirichlet process of Ferguson (1973).

Definition S.1 (SSP). A random probability measure P is a species sampling process (SSP)
if
Pa-:S.ZTfhégh—i- 1_Z7Th Py,
h>1 h>1

where the atoms (6p,),>1 are i.i.d. from the non-atomic distribution Py and are independent of
the random sub-probability vector of the weights @ = (73,)),. Moreover, if >, 7, 1, Pis
said proper.

The corresponding model is defined once the observations are sampled independently from
P given P.
Definition S.2 (SSM). An infinite sequence of random variables X7, Xo, ... follows a species
sampling model (SSM) if it is exchangeable with an SSP directing measure. That is
X, | P8P (i=1,2,..)

(S.1)
P ~ SSP(Ly, Py).
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Any sample (X7,...,X,) arising from a P ~ SSP(L;, Py) induces a random partition of
the labels of the observations in the sample, i.e., of [n] = {1,...,n}. More precisely, two
observation labels i and [ belong to the same block of the partition of [n] (i.e., X; and X;
are clustered together) if and only if X; = X;. The discrete part of the SSP entails that
two observations are clustered together with positive probability since, unless » 5, <, 7 =,
P(X; = X;) > 0. The law of such a random partition (denoted II,,) of [n] is characterized by
the exchangeable partition probability functions (EPPF) (Pitman, 1996).

More precisely, let {C1,...,Ck} an arbitrary partition of [n] for a given n € N and ny =
|C| for k € [K] then

P(IL, = {C4,...,C}) = EPPF (ny,...,nk). (S.2)
In words, EPPF%) (n1,...,nk) can be interpreted as the probability of observing a particular
(unordered) partition of n observations into K subsets of cardinalities {n1,...,nx}. Note that

the EPPF is defined on the space of the compositions of n, which can be interpreted as the
space of the frequency of the partition in a given arbitrary order (e.g., the order of arrival).
Let P =) ,~, ™0y, be a proper SSP. Then the induced EPPF can be computed as

K
EPPF (ny, ... nk) = ]E[ > ] w,’j:]. (S.3)
hi#...#hj k=1
The EPPF characterizes the SSM (Pitman, 1996). For any n € N, if (X7,..., X,,) arises from
an SSM, its law can be obtained hierarchically as

1. sample the random partition II,, from the induced EPPF obtained as in (S.3);
2. sample iid the unique values associated with each set in the partition from Py.

The EPPF and the SSP can also be characterized by a specific sequence of predictive distribu-
tions (Pitman, 1996) also known as the generalized Chinese restaurant process (gCRP). In the
culinary metaphor, we can think of observations corresponding to customers in a restaurant,
who arrive sequentially and sit at an already occupied table or a new table and each table
serves a different dish (iid sampled from Fj).

It is theoretically straightforward to derive the predictive distribution associated with any
SSP via ratios of EPPFs as an application of the definition of conditional probability, leading
to
EPPF ) (ny . np 41, mi)

EPPF (n1,...nk,.on i)
EPPF( Y (n1, e 1)

EPPF) (n1,...mk .. mc)

ifr=X; andk=1,....K

P(Xp =2 | X) = (S.4)

3 _ %
if o =Xp.,

where (X} : k=1,..., K) denote the K unique values of X, ..., X, that were recorded with
frequency ni,...,ng and are iid sampled from Py. See Pitman (1996), Pitman (2006), Lee
et al. (2013), and Ghosal et al. (2017) for details and proofs about different characterizations
of (univariate) SSM.
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Although the analytical expression of the gCRP is available from the EPPF as shown
n (S.4), such an expression does not reduce to simple and tractable quantities in general.
However, a notable exception is the subclass of Gibbs-type prior (Gnedin et al., 2006; De
Blasi et al., 2015), which, thanks to the product partition form of the EPPF, allows the
ratio of EPPF in the gCRP to boil down to a simple ratio of constants for several notable
examples, as in the well-known Chinese restaurant franchise (CRP) (Blackwell et al., 1973)
induced by the Dirichlet process (DP) (Ferguson, 1973). The class of Gibbs-type prior is the
most natural tractable generalization of the DP (De Blasi et al., 2015) and it includes the
symmetric finite Dirichlet prior (Green et al., 2001), the Pitman-Yor process (PYP) (Pitman
and Yor, 1997), the normalized inverse Gaussian (NIG) (Lijoi et al., 2005), the normalized
generalized gamma process (NGGP) (Lijoi et al., 2007), mixture of finite symmetric Dirichlet
(Nobile, 1994; Richardson et al., 1997; Nobile and Fearnside, 2007; Miller et al., 2018) and
the mixture of DP (MDP) models (Antoniak, 1974). In the following sections, we recall the
analytical expression of the three different characterizations (i.e., SSP, EPPF, and gCRP) of
some relevant and tractable examples of Gibbs-type prior commonly used in Bayesian analysis.

S.1.1 Pitman-Yor process (PYP)

We say that an SSP(L, Py) follow a Pitman-Yor process, i.e., P ~ PYP(a,v; Fy), with Py a
non-atomic measure if it is a proper SSP with £ ~ GEM(a, ), where the two parameters
GEM distribution, named after Griffiths, Engen, and McCloskey, can be thought as arising
from the stick-breaking construction where the m;’s are such that m; = v; H;;} v, with v; ~
BETA(l —a,y +ia),i>1, a€[0,1) and v > —a.

The following EPPF characterizes the PYP

’erkoz
(’Y“‘ln 1

::]x

EPPF (n1,.. . ng; 0, 7) = (1= )n,_1, (S.5)

where (z), =xz(x+1)---(x +n — 1) is the nth ascending factorial.
Denoting with X1, Xs,... an SSM from P ~ PYP(«,v; Py), we can derive the well-known
gCRP of the PYP from the EPPF in (S.5) applying the definition of conditional probability.

%r_na ife=X; andk=1,....K
P(Xopr = | X) = 277
Y+n

(S.6)

M — *
1fx—XK+1.

S.1.2 Dirichlet process (DP)

If we consider P ~ PYP(a,; Py) as in the previous section and we restrict a = 0 and v > 0
we obtain the relevant special case of the Dirichlet process, i.e., P ~ DP(v; Fy). Thus we can
specialize the distribution of the weights to GEM(y), the induced EPFF in (S.5) that boils
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down to

VKT 1
EPPF (n1,... . nic; o, ) = — 2 [ (e — 1)1, (S.7)
and the corresponding CRP

Sk qfrx =X andk=1,...,K
P(Xpt1=2]X)=47" ifx—Xi
~y+n - K41

S.1.3 Finite symmetric Dirichlet multinomial (symDM)

Here we consider an SSP P with a fixed known number M of species in the population (with
M € N) that follow a finite-dimensional symmetric Dirichlet multinomial (symDM). That is,
for a fixed M € N,

M
P =Y mhdy,, (S.9)
h=1

where (71, ...,7ma7) ~ Dir(7,...,7) L 6 pY Py. We write P ~ DMy (7, P).
Then we can derive the induced EPFF as

K
EPPF e = r . 1
and the corresponding gCRP
ng + ifr=X andk=1,..., K
P(Xpp=2 | X)x{ * 77 k (S.11)

p(M — K)I(K # M) ifr=Xj .

S.1.4 Gnedin Process (GN)

Allowing for an unknown M in a finite-dimensional symmetric Dirichlet multinomial process,
the model becomes a mixture of symmetric Dirichlet models. A relevant example is the Gnedin

process (with discount parameter equals to —1). The corresponding EPPF is

EPPF (n1,....nx) = Y EPPFY (n1,...,ng | M = m) p(M = m), (S.12)
m=1

where EPPF%) (n1,...,ng | M = m) is the EPPF of the M-symmetric Dirichlet prior in
(S.10), with p = 1 and p(M = m) = 2=0m=1 € (0, 1).

m!
The corresponding gCRP boils down to the following simple tractable expression

(mg+1)(n—K+v) ife=X; andk=1,...,K

P(Xny1 =2 | X)
K? — Kv if o =X,

(S.13)

We denote the corresponding SSP with P ~ GN(vy, ).
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S.2 Proofs

S.2.1 Proof of Proposition 1

The proof follows trivially from the Definition of mSSP.

S.2.2 Proof of Proposition 2

Proof. To prove the statement, we want to show the non-trivial implication of the iff, i.e., if
(Py, P») are an mSSP with non-atomic base measure Py they can be rewritten as in (1), that

is
PN a4 3 allby , +alypy,  forj=1,2. (S.14)

R>1 h>1
where > h>1 773(.1,;2) + Zh’zo 7T](-j]2, =1, for j = 1,2, the atoms are independent from the weights

and such that 8, "> Py, for j =0,1,2, h=1,2,... and P[x\;? > 0,7{%% > 0] > 0.
From the definition of mSSP, we write for j = 1,2

Pp=Y mindo, + (1= Y min | Po=Y_ mjndy, + (1 - ”J!h> P,

h>1 h>1 hedt he#

where we denote by # = {1,2,...} the set of the indexes of the two sums. Note that H :=
card(#) € {0}UNU{oo}, and we use the convention that, for any (zp,)p, 22:1 Th = hepTh =
0. We define W](.f(]) = 1—> ey T and we partition # in {#o, Ho}, where

Ho={hed: Primp>0,m >0]>0} ={hed: Primpmy >0 >0}

is the set of shared atoms and #y = # \ H.
Let us define, for j =1, 2,

((Bon D) s € Bo) = ((On,min) b € Ho) and (n):he Ho) = (mjn: h € F).,

and 0, p, x Py, for j = 1,2 and h € #,, independent from all the previous random variables,
ie., ((907h,ﬂ'](~71hz)) ch e ?fg) and (7‘(’](]}2 ch e 9@0).
Then note that, for j = 1,2,

Z 7j.n00, = Z 7j,n00, + Z ;.h00,

heH heHo heHog

Z 7j.h00, = Z 7rj(.71,12) d¢,,,, and Z 7j,h00, = Z ﬂj(?,z 00, 1, -

he#o hed#y hedty hedto

and

To conclude the proof, we just relabel the indexes in both #, and #, such that they are
ordered integers starting from 1 with no gaps and remap the elements in the corresponding

sums accordingly.
O
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S.2.3 Proof of Proposition 3

Proof. By the law of iterated expectations, the first and second moments of P;(A) are equal

to
E[P;j(A)] = P(Xji € A) = Po(A)
E[P;(A)?* =P(X;, € A, X;, € A), with i # .
Disintegrating with respect to {X;; = X} to recover independence leads to
P(Xj’i S A,ijl S A)
= ]P’(Xj,i = XjJ)IP’(XjJ S A,Xj,l cA | Xj,i = Xj’l)
+ P(Xj,i 7& XjJ)]P)(Xj’i € A,X]J cA | Xj,i 7& XjJ)

= P(Xji = X)) Po(A) + P(X; # Xj0)Po(A)>.

Finally, Var[P,(A4)] = E[P;(A)?] — B[P} (A)]2 = P(X;; = X;,) Ro(A)[1 — Po(A)] m

S.2.4 Proof of Proposition 4

Proof. For j # k, by the law of iterated expectations, we get
E[PJ(A)Pk(A)] = P(Xjﬂ' S Aan,m S A)
Disintegrating with respect to {X;; = X}, } to recover independence leads to

]P)(Xjﬁ' S A,X]ﬁm S A)
=P(Xj; = Xpen)P(Xji € A, Xppm € A| Xjii = Xieom)
+P(Xji # Xpem)P(Xji € A, Xpem € A| Xji # Xiem)
= P(Xjﬂ' = Xk’m)Po(A) + P(Xj,i 7& Xkym)Po(A)Q
Thus, Cov[P;j(A), Py(A)] = P(X;; = Xim)Po(A)[1—Py(A)]. The correlation is obtained using

Proposition 3. 0

S.2.5 Proof of Corollary 1

The proof follows trivially from Proposition 4.

S.2.6 Proof of Proposition 5

Proof. By definition of mSSP, we know that

P; = Zﬂj,héeh + 11— Zﬂj’h Py and P = Zﬂ'k’h(Sgh + 11— Zﬂk’h Py.
h>1 h>1 h>1 h>1
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Moreover, by Cauchy-Schwarz inequality, we have a.s. that

2

2
Z?Tj%h-i- 1_Zﬂj’h Zﬂg,h+ 1_Z7Tk7h

h>1 h>1 h>1 h>1
Zzﬂj,hﬂ'k,h‘f‘ 1_Z7Tj,h 1—Z7Tk,h
h>1 R>1 R>1

Assume by contradiction that the event {; # 7, for at least one k} has positive probability.
This implies that with positive probability, the above inequality is strict and thus, with positive
probability, we have

P(Xj1 = Xy | Py, By) < \/P(Xj,l = Xj2 | Pjvpk)\/IF’(Xk,l = Xi2 | Py, By)

which implies
P(Xj1 = Xg1) <P(Xj1 = Xj2)P(Xi1 = Xg2)

and
Cor[P;(A), P,(A)] < 1

. Therefore, we have m;;, = m 5, a.s., for all h, and thus P; = P ]

S.2.7 Proof of Theorem 6

Proof. Clearly P; L Py entails Cor[Pj(A), Py(A)] = 0. We want to show that Cor[P;(A), Py(A)] =

0 entails P; L P.
Let us consider the representation of (P}, P;) as mixtures of two components

Py WP N 7R g + ( wj(j’k)) TP+ Y 70)dg

h>1 h'>1
and
] k) 7, k 7,k _(k _(k
S 100, + (1- o) (298 + 3 74,
h>1 h'>1
where G "
Js J
T . T
k h _ h’ k)
(Jh ) _ Js W(J})L, g . and w Z e
]? .77 7
Zz>1 ] Ze>o ]e h>1

Recall that by Proposition 4 and Corollary 1, Cor[Pj(A), Py(A)] = 0iff P(X1,; = X1%) = 0.
Note that

k k) _(j,k & k) — .k
P(X;1 = K1) = 3B [ufP708 IR7G0] > B [0H208 00768
h>1
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Therefore, by Definition of rmSSP, we have that wj(j k) @ (] k) s,
Indeed, if we assume by contradiction that (w.l.o.g.) P( ]( s 0) > 0 than by Definition
3 we have that IP’( (k) 7 ](jlk)w,(f k)ﬂ,(flk) > 0) > 0 that entails

P(Xj1 = Xg1) > E [ R 7 §71’“) w,ij’k)frg’f)] >0

k) a.s

=" 0 we can rewrite

N~

that contradicts P(X; ; = X; ) = 0. Since w](.j’k) %

h'>1
and
a.s —
P = ]OP + Z Tho 00y 10
h'>1
and therefore P; 1 P. ]

S.2.8 Proof of Proposition 7

Proof. Define the random variable Z, so that Z = 1, if X;; = X}, ,,, and Z = 0, otherwise.

Cov(Xji, Xgm) =E [(COV(in, Xiem | Z)] 4 Cov (E [Xj,i | Z] ,E [Xk,m | Z])
= E [Cov (ijan,m | Z)]+0
= Cov(Xji, Xiym | Z = D)P(Xji = Xgm)
=P(X,; = Xim)Var(X™).

where X* ~ Py and Cov(X,;, Xpm | Z = 1) = Var(X™) is obtained since the conditioning
to Z = 1 implies that both observations are equal to the same atom, which is itself sampled
from Fy. The final result follows trivially by dividing the expression of the covariance by
VVar(X; ;) Var(Xy, ,) = Var(X;;) = Var(X*). O

S.2.9 Proof of Corollary 2

The proof follows trivially from Proposition 7.

S.2.10 Proof of Proposition 8

P’I”OOf. Define Xj,l:q = (Xj71, ey Xj,q)y
E[P;(A)Y] = P(Xj1.4 € A7).

j)

Disintegrate with respect to the random partition H(J induced by the ties in X 1.4 and taking

values in the set #(Xj 1.4) to recover independence and aggregate by symmetry induced by
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()

exchangeability. Ky 2

denotes the number of sets in Il

P (Xj,l:q € A%) = Z ]P)[vaqu € A% | ng)] P(ng))

e 2(X;1.q)

ST S U

N € P(Xj1.): K =s

AP P(KY = 5) = E[Py(4)57].

||M@

S.2.11 Proof of Proposition 9

Proof. For notational convenience, we prove the proposition for h = 2. The general case can
be proven with the same argument. Notation is the same as in the proof of Proposition 7.

E[Pj(A1)" Pj(A2)®] =P (X 1.4 € AT x AT),

where ¢ = ¢1 + ¢2. Denote now with Ay, ¢, C P(Xj1.4) the set of all possible partitions ng)
induced by the ties in X 1.4 such that the elements in Xj.,, and in X, 11,4, do not have
ties. It follows that

P (X4 € Al x AT) =P[(X jlig € € AT x AF)N (ng) € Ay q)]

= Z 1) € Agy g0, K = Sl’K«g)ﬂm = 52)

s1=1 891
XP(Xj1q € AT x AP [T € Ay g0, KPP = 51, KJL 1 = s2)
q1 q2
Z Z Py(Ay) 11[’0(142)52]}1)@1(]) € Agi,q éf) = Sl’Kézzrliqz = 52)
s1=1s9=1

K@

- [PO(Al) 7 Py(As)" g | 115 ) € Ay g | PATY

q € ﬂle‘D)'

S.2.12 Proof of Theorem 10

Proof.

E[P (A)T - Pi(A)Y] =P (Xj1q €AY :j=1,...,J).
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Disintegrate with respect to the possible partitions II; of X7.q, . 1.4, to recover independence

and aggregate by symmetry.

]P’(Xj,ltqj e AY :j = 1,...,J) = Z IP)(*Xj,lij €AV 1j=1,...,J| HQ)P(HQ)
HqEQ(Xlqu,...,lqu)
q
s=1 HqG@(Xlqu,“.,l:qh]):qu yyyyy q7="5

S.2.13 Proof of Theorem 11
Proof. First note that
J J
E(HPj(Aj)qj> = P<X1:q1,...,1:q(] e X A;”)-
j=1 j=1

Denote now with Ay, . 4, C P(X1.q,...1:q,) the set of all possible partitions II, of the elements
in X1.q,,...1:¢, such that the elements in X 1., and in Xj/71:q],, do not belong to the same set,

for any j # j' according to II,.

J
P (Xl:ql,--~,1:q1 € >< A?) =P

i=1

J
(XI:QL..-JZQJ € >< A?’j) N (Hq € ﬂth,m,fu)

Jj=1

J
:P(Hq € ﬂqhu-,qJ)P <X1:q1,...,1qu € >< Aj'j ‘ I, € Ay,...., q1)
j=1

q1 qJ
=YY (Hq € Agap KD =51, K = sJ)

s1=1 sj=1

J
x P <X1:q17...71:qj S >< Agj ’ Hq S ﬂQly---yQJ7K(§11) = S1,... ,Kq(j) — SJ)

j=1
Q a
= Z Z Py(A1)% - Py(Aj)™7
s1=1 sj=1
X P (1l € Ay KD =51, KSD = 5))

KO KD
=E [PO(Al) a "'PO(AJ) 47 ‘ Hq € ﬂth,n-,(u] P(Hq € ﬂq17--~7QJ)‘
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S.2.14 Proof of Theorem 12

Proof. To prove the theorem, we first show that when the random array follows an mSSM,
then it can be obtained by sampling first the partition from the corresponding pEPPF and
then associating unique values sampled independently from Py to each partition set. Formally,
for any family of sets (A4;, : i € [1;],j € [J]),

Pl(Xji:i €L, 7 €[J]) € (Ajixi€ (L], j€[J])]

= > Pl(Xjiiel], je[J]) € (A5, i€ [L], j € [J]) [ I1n]P[ILy]
HnGP[Hn]g)(Xlzll,.“,lzl(])

D
= > P, = {Ci,....Co}] [[ Po N A
{C1,...,Cp} d=1 (j,i):Z;f:ll Lyi+i€Cy

€ P(Xuin,..1:1,)

where C,...,Cp are the sets in II,,, whose elements are collected according to the order of
arrival by groups. Now, to complete the proof, what is left to show is that when the pEPPF
is obtained from an arbitrary vector of random probability measures according to (6) in the
main paper, then there always exists an mSSP that induces the same pEPPF.

To this aim, let us first consider a pair of dependent random probability measures (not
necessarily mSSP) that admit the following representation

Py “minbe, + (1= ) min | R, forj=1,2 (S.15)
h>1 h>1

where Py is a non-atomic (deterministic) distribution on a space X, 7; = (7 )p>1 is a random

sub-probability sequence, for j = 1,2, and the sequence of (6;)>1, conditionally on 7 =

(71, 7r2), follows any joint distribution such that P[f), = 0y | w] = 0, for any h # h'. Let define
a.s.

wj = Y p>1Tjh, such that

P =wj P+ (1 —wj)Py forj=1,2

= a.s. Tj.h . ~
where P; =" ) d—j&gh—.gl 7j.h00), -

h>1
D
pEPPFY) (ny, ny) = E[ / 11 Pl(d:cd)”l’sz(dxd)”Q’d}
X2 a1
D ~ Nj,d
:E{ /XD HH [wj f)j(dl‘d)+(1—wj)PO(dxd):| }
2 a1 =1

Il
=
—N
=
T
*Q
—
| —
SO
—~
o,
&
&
<.
L
X
Jay
o,
=
o
S~—
.
“l\!
L
| I
3
Is%
£
H,—/



where z; 4 | w; nd Bernoulli(w;) and where the product measure of the non-atomic component
Py equals zero on the diagonal, meaning

o iftn=1
/ Po(dzq)" =
X 0 ifn>2

Thus,

Pj(dag)74 "0 Po(dag) !~ ia) Mt

—
.

pEPPFg)(nl,ng) :E{/ [
X

D .
* ~d€[D]ing g+ng g>1J=1

X

—
.

Pj (d$d)zj’d Tj.d P() (dxd)(lizj’d) nj’d:| }

I
—

de[D]:ng g+nz g=1J

L]

* —de[D]ing g+ng g>17

Py e

—
.

1

Py (dzg)*¢ Py(dag)t—21a)

X

—

de[D]:nl,dzl,nQ,d:()

% 11 Py(dzg)*> Po(dévd)(l_zz’d)} }

de[D]:ng ¢4=0,n9 g=1

J
(I I

hl?é?éhD/ ]:1 dG[D}ZTLLd-i-’I’LQ’le

J
~Zl,d
<> 1T I &

h17é...75hD// j=1 dE[D]:nl’dZL’ng}d:O

J
DI | |
hi#..#hpm j=1de[D]ng,q4=0,n2 4=1

Importantly, the expression and derivation above for the pEPPF also hold when (P, P») is
an mSSP. Crucially, this expression depends only on the law of the weights of the random
probability measures in (S.15). Since the class of mSSPs imposes no restriction on this law,
one can always choose an mSSP whose pEPPF matches the expression for any prescribed
weight distribution. More precisely, given a pEPPF derived from P; and P, in (S.15), the
corresponding mSSP may be constructed by adopting the same weight law of P; and P, and
selecting an arbitrary non-atomic base measure.

To extend the argument to arbitrary pairs of probabilities not necessarily satisfying (S.15),
note that they can always be decomposed into an atomic and a non-atomic component. More
precisely, let (G1,G2) be an arbitrary pair of random probability measures. For each j = 1,2

S.12



we can rewrite

Gj = Zﬂ-j,héeh + 11— Zﬂ-j’h GOJ, for j=1,2
h2>1 h>1

where Gy, is a non-atomic random distribution on a space X, w; = (7} )p>1 is a random sub-
probability sequence, for j = 1,2, and the sequence of (65)p>1, conditionally on 7w = (7, 72),
follows any joint distribution such that P[0, = ) | w] = 0, for any h # h’. Note that the pair
(G1,G2) induced the same pEPPF if we substitute the random non-atomic distributions Gy ;
and Goo with a common deterministic arbitrary distribution F.

Thus, the pEPPF induced by an arbitrary pair of random probabilities (G1,G2) can be
obtained as the pEPPF induced by a pair of random probabilities (Pp, P») satisfying (S.15)
and thus by a pair of mSSP.

Finally, note that extending the above argument to J > 2 is a matter only of notation. [

S.2.15 Proof of Proposition 13

Proof. The proof follows by reasoning analogous to the derivation of the pEPPF for generic
measures in the proof of Theorem 12. However, since here we assume the mSSP is proper, its

non-atomic components vanish, and the derivation simplifies to:

D
pEPPE (ny, ... ny) = E[/ T Pu(daa)™e. ~-PJ<d37d)nJ’d]
XP a5

E{ /X? C]l_i)[ljljl [};Mh%h(dxd)]nj’d}
o ¥ I

hi#..#hp j=1d=1

S.2.16 Proof of Proposition 14

The proof follows trivially from the definition of conditional probability.

S.3 Algorithms and models details for the multi-
armed bandit illustration

The algorithms used for all six strategies considered in Section 6 are Markov chain Monte
Carlo marginal algorithms. These algorithms are obtained using the augmented representation
of the pEPPF described in Section 5 for the additive and hierarchical processes, and the
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sequential sampling schemes detailed in Section S1 for the independent processes. All models

are generalized to accommodate random hyperparameters to achieve greater flexibility in the
learning mechanisms, leading to the following specifications for the six strategies.

e Independent Dirichlet Process

Xji | (Pr,...,P) Py fori=1,2,...
P; | a; % DP(ay)
a; Y Gamma(0.75,1).

where Gamma(a, b) denotes a Gamma distribution with expected value equal to a/b.
e Independent Pitman-Yor Process

ind

Xil(Pr,...,Py) ~P; fori=1,2,...

P; | 05,05 ® PYP(05,05)
o; X Beta(1,3) oy < Gamma(0.2, 1).
where Beta denotes a Beta distribution.

e Additive Dirichlet Process

Xji

(Pr,....,P) M P fori=1,2,...

Pj=¢€jQo+(1-¢)Q;
¢; % 0.15 6 + 0.15 61 + 0.7 Uniform(0, 1)
Qj|0(jif151DP(Oéj) fOl"j:O,l,...,J

Qg i Gamma(0.5,2), a; G Gamma(6,2) for j=1,2,...,J.

e Additive Pitman-Yor Process

Xj,i’(Pla--~,PJ)ifnvde fori=1,2,...

Pj=¢; Qo+ (1-¢)Q;
€; % 0.160 + 0.1 81 + 0.8 Uniform(0, 1)
Qj | 05,04 ind PYP(oj,a;) forj=0,1,...,J

o0 % Beta(1,3), o < Beta(1,2) for j=1,2,...,J

g ig Gamma(0.25,4), a; id Gamma(2,2) forj=1,2,...,J.
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e Hierarchical Dirichlet Process

(Pr,....,P) N P fori=1,2,...

P; | Q “ DP(a, Q),

Q NDP(O((), Po)

Xji

ap % Gamma(1,1/3),  a; < Gamma(1,1/2) forj=1,2,...,J.

e Hierarchical Pitman-Yor Process

Xj,i‘(le--vPJ)i’rgin fori=1,2,...

P | Q% PYP(s,0,Q),
Q NPYP(J(),OA(),PQ)
o0 % Beta(1,2), o < Beta(1,2) for j=1,2,...,J

ag id Gamma(1, 1), a; id Gamma(1,1) forj=1,2,...,J.

The choice of the parameters of the hyperpriors on discount and concentration parameters
is performed as follows. We use the values suggested in Battiston et al. (2018) for the Hier-
archical Pitman-Yor Process, and then we fix the ones of the other strategies by considering
the probabilities of ties as a function of the hyperparameters and approximately match their
expected values and variances. This selection procedure ensures a fair performance compari-
son, as the probabilities of ties provide an excellent summary of dependence for rmSSPs. The
resulting expected probability of ties and corresponding variances are reported in Table S.1.

Model E[prob tie across] V[prob tie across| E[prob tie within] V[prob tie within]
Independent DP 0 0 0.672 0.049
Independent PYP 0 0 0.669 0.047
+DP 0.388 0.092 0.666 0.052
+PY 0.400 0.064 0.628 0.038
HDP 0.389 0.056 0.671 0.041
HPY 0.397 0.043 0.638 0.033

Table S.1: Expected probabilities of ties within and across as functions of the hyperparameters
and corresponding variances. Values are obtained via Monte Carlo approximation by simulating

2000 samples of the hyperparameters from the hyperpriors of each model.

To sample the concentration parameters of the Dirichlet processes, we employed a Gibbs
Sampler via an augmented representation of the full-conditional of the concentration parame-
ter, avoiding a Metropolis within the Gibbs step. For the hyperparameters of the Pitman-Yor
processes, we devised an adaptive Metropolis-Hasting, obtained via 10 repeated steps within
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the main Gibbs algorithm. At each of the 30 sequential sampling steps of the multi-armed
bandit problem, we perform 200 iterations of the MCMC algorithm, leading to a total of
6000 iterations (not including the Metropolis-Hasting steps, when present) per strategy. After
observing a new data point in a sequential step, we initialize the MCMC for the next step
with a warm start based on the last iteration of the MCMC output in the previous step. For
instance, we initialize the values of the hyperparameters with the last sampled value in the
previous MCMC chain that targets their posterior distribution without conditioning on the
new data point.

Moreover, for hierarchical processes, we perform 1000 iterations of the MCMC before
estimating the probability of discovery at the first sequential sampling step to achieve a
warm start also at the first sampling step. Code for all six strategies is freely available at
https://github.com/GiovanniRebaudo/MSSP.
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