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DP-based models

Y | 0,20 ~ L(Zn,7) zi| G2 G(d Zwk 5, (dx) G ~ DP(a, Po)
—— —_———
likelihood depends on z,=(zy,...,2n) prior

discrete random measure

= py partition of [n] = {1,...,n} defined by i ~ jifand only if z; = z

Mixture models Stochastic block models Species sampling models




MCMC sampling in DP-based models

Y | 0,20 ~ L(2n, 1) 2| G % G(dz
N——

likelihood depends on z,=(z1,...,2n)

Zﬂké(ﬁk dZ

G ~ DP(a, Po)
N——

prior

Marginal algorithms
(Neal, 2000)

Ny (z;(i)) X L(zn,m) ifze z;(f)

pr(z; = z|rest)
a x [ L(zn,n)Po(dz) ifz=new

v Target the posterior
X Force one-at-a-time updates
X Bookkeeping

discrete random measure

Blocked Gibbs samplers

(Ishwaran and James, 2001)
pr(z; = z|rest) o my(z) X L(2n,7)
X Target an approximation of the posterior

v Allow joint updates
v Easy/No bookkeeping



Non-vanishing truncation bias of blocked Gibbs samplers

Exponential accuracy of truncated blocked Gibbs samplers (ishwaran and James, 2002)

L

Let L be the truncation level, i.e., G is approximated by ) m¢d4, and p, the partition induced
=1

by ties in z; in @ Normal mixture model

L0 pulonlysn) = pulonlysn) | Malys) dysn = O(4ne-00e),
RA ————— —_——— ———

20 target of the algorithm posterior of the partition  prior predictive
Extensions in Ishwaran and Zarepour (2002); Campbell et al. (2019); Li and Campbell (2021).

Two main limitations of the result:
X It holds under the generative model
X Trivially: unless L = n, p;(pn | ¥1.n) = 0 on all partitions with more than L clusters.



Slice sampling (Neal, 2003; walker, 2007)

z; ~ G(dz) — (uj,zi) ~ 1(0 < u < G(dz))

6(dx) o) u
G(dx)= Z kO, (dX) -, p(u) = Z 1(0 < u < 7%) Sample u; ~ p(u;)
k=1 b k=1 Then z; | uj ~ Uniform({¢x : m > Uo})
sl
T 41 kst
s M s
H [ H B - 2t “--H-"EL" E ;k --------- he
11
I:I R I x — [ uj H H o [1 x
1 02 ¢z o ok e mems m omsom D1 2 Pz hs O

v/ Target the posterior
v Allow joint updates
v/ Easy/No bookkeeping



Slice sampling (Neal, 2003; walker, 2007; Ge et aL., 2015)
Posterior slice sampling in DP-based models

1. Sample G, i.e., (71, 7,...) and (é1, ¢2,-..)
2. Sample u; from p(u; | z; = ¢¢) = Uniform(0, ) Vi
3. Sample z; from p(z,- | up = Uo) = Discrete(qSk L > Ui, With wy o Lik(Y; Zji = ¢k)) Vi

— Step 2. requires weights for all currently allocated components.
(71,...,my, ™) ~ Dirichlet(ny, ..., ny, a) (Ge et al., 2015)
N —’
H=number of clusters

— Step 3. requires determination of the slice set A; = {¢x : m¢ > u;} , let umin = min; u;

h=K+1

oo
Vi, A C {¢>1,...,¢>K Py T < umin} (Walker, 2007)

Dynamic truncation level K

oo
Kmin{kZH: Z Th < Umin

/ At each iteration, K components are enough and K is finite.
h=k+1

XTime complexity is driven by at most K x n likelihood evaluations.



About K

K = min {k >H: Z T < umin} X If umin = 0, K can be arbitrarily large.
h=k+1

any finite threshold

l

P,(3s<T:G>C) —1

/ T—o00
stationary distribution T

computational cost of iteration s
(in some unit of measure)

No deterministic bound on per-iteration time exists.
To assess actual scalability, we need to quantify the “probability of exceeding a threshold"
and how this varies with n.



About K (from now K}))

A related quantity: Kx)=minqdk>1:%"7° . m <x x€(0,1)

from the prior

From Muliere and Tardella (1998)

K| x ~ 14 Poisson(—a logx)

But at each MCMC iteration (in the improved slice sampler of Ge et al., 2015)

Knmin{szn: Z 7rh<Umin}

h=k+1
where:
H, is the number of clusters of the partition configuration
mp’s depend on the partition configuration
umin depends on the (m;)s>1 and the partition configuration
pn, the partition configuration visited by the chain depends on the specific data



Survival probability of v,

Proposition: Merging two clusters increases the survival probability of u,;,

If pff@s) is the partition obtained from p, by merging two (distinct) clusters r and s into a

single cluster and leaving the other clusters unchanged, then, for any x € (0,1)

Pr (umin > X

pgf@s)) > Pr(Umin > X | pn).-

Corollary: Singleton partition yields the lowest survival probability of v,

sing

Let p,"® denote the singleton partition of [n], i.e., the partition with n clusters of size 1.
Then, for every x € (0, 1) and every partition pp,

Pr (Umin > x| pn) = Pr(Umin > x| p3"8)



Main result

Theorem: High-probability bound on dynamic truncation level (Franzotini and Gaffi, 2026)

Let K, and H, be respectively the truncation level and the number of occupied clusters
at a given iteration when run for n input data.

Then, for every 6 € (0,1) and any n > 2
Pr(anHngCa Iogn|pn) >1-9, Ypn

with C; = B + B log(1/5), and B, B = a.

In particular, as n — oo, K, — H, = Op(log n) and, in the worst-case scenario of H, = O(n),
K, = Op(ﬂ).

“In the worst case, the slice sampler requires O(n) active components with high probability.”



Proof sketch

0o k
Kn—min{kZHn: Z 7Th<umin}—min{k2Hn:7r*>< H (1—\/,-)<umin}.

h=k+1 i=Hp+1



Proof sketch

0o k
Kn—min{kZHn: Z 7Th<umin}—min{k2Hn:7r*>< H (1_\/i)<umin}-

h=k+1 i=Hp+1

k
B Define K9(x) = min {k >He: I A=V)< x}
i=Hp+1



Proof sketch

0o k
Kn—min{kZHn: Z 7Th<umin}—min{k2Hn:7r*>< H (1_\/i)<umin}-

h=k+1 i=Hp+1

k
B Define K9(x) = min {k >He: I A=V)< x}
i=Hp+1

r il
B Pr(Ky — Hn > Cslogn | pn) <| Pr (KS(x) > Hn + Cslogn | pn> +1Pr(Ko > KO(x) | pn) |




Proof sketch
o) k
Kn=min k> Hp: > 7Th<umin}—min k>Hp:mx ] (1—\/,-)<umin}.
h=k+1 i=Hp+1

k
B Define K9(x) = min {k >Hp: I 1-V)< x}
i=Hp+1

r il
B Pr(Ky — Hn > Cslogn | pn) <| Pr (KS(x) > Hn + Cslogn | pn> +1Pr(Ko > KO(x) | pn) |

B Show that| Pr (K,?(x) > 1+ Hp + 3arlog(1/x) + log(2/5) | pn) <




Proof sketch

o) k
K,,—min{kZHn: > 7Th<umin}—min{k2Hn:7r*>< I1 (1—\/,-)<umin}.

h=k+1 i=Hp+1

k
B Define K9(x) = min {k >Hp: I 1-V)< x}
i=Hp+1

.
B Pr(Ky — Hn > Cslogn | pn) <| Pr (KS(x) > Hn + Cslogn | pn> +i Pr(Kn > K9(X) | pa)

B Show that| Pr (K,?(x) > 1+ Hp + 3arlog(1/x) + log(2/5) | pn) <

B Show that\ Pr(K,, > K9(x) | pn) < Pr(tmin < x| pn) <n(a+n—1)x[1+ Iog(l/x)] (2)



Proof sketch

h=k+1 i=Hp+1

0o k
n—min{kZHn: Z 7Th<umin}—min{k2Hn:7r*>< H (1_\/i)<umin}-

k
B Define K9(x) = min {k >Hp: I 1-V)< x}
i=Hp+1

.
B Pr(Ky — Hn > Cslogn | pn) <| Pr (KS(x) > Hn + Cslogn | pn> +i Pr(Kn > K9(X) | pa)

B Show that| Pr (K,?(x) > 1+ Hp + 3arlog(1/x) + log(2/5) | pn) <

B Show that\ Pr(K,, > K9(x) | pn) < Pr(tmin < x| pn) <n(a+n—1)x[1+ Iog(l/x)] ! (2)

B Choose x = x(n,d) € (0,1) such that, for any n > 2, the lower-bound in the probability in (1) is
upper-bounded by H, + Cs logn, and the r.h.s. of (2) is upper-bounded by §/2.



A few additional results

Corollary: exponential tails of the slice overhead

Let (Ky, H,) be defined as in the main Theorem.
There exist constants BE}’,BSE) > 0 such thatforalln>2andallt > 0,
Kn — Hp

Pr <7 >80 + 82
log n

pn> <e™t, V.

Corollary: Almost-sure control of super-logarithmic slice overheads with infinite data
coupling

Let (Ky, H,) be defined as in the main Theorem.
There exists a constant D, > 0 such that

Pr <Iim sup {Kn — Hy > Do log % log n}) =0
n

n—o0o

for any summable sequence (d,)n>1 C (0,1/2).



A few additional results

Proposition: tightness of the logarithmic slice-overhead bound

Let (Kn, Hp) be defined as in the main Theorem.
There exist constants ¢, 7, > 0 such that for all sufficiently large n,

Pr (K,, — Hy > c,logn

pimg) > o
Consequently, for any deterministic sequence r, = o(logn) and any M > 0,

lim inf sup Pr (K, — H, > Mr, | pn) > 0.

n—oo Pn



Practical consequences for mixture models




MCMC alternatives comparison

forie {1,....n}  Yi|z ™ N(z,02), z|G™ G, G~ DP(a,Py),

CRP | BGS-L | BGS-n |  Slice

Scalability by posterior cluster growth \

H, = 0O(n) O(nz) o(n) | o(n?) Op(n?)
Hp = O(log n) o(n Iogn e(n) O(n?) | Op(nlogn)
H, = 0(1) O(n?) | Op(nlogn)
Exact posterior partition target v x| X v

No hard-threshold bias 2 S A B

No bookkeeping | X v | v v
Joint Updates | X v | v v




Numerical study

Competing algorithms:
* Slice sampler
* Slice sampler with no atoms
* BGSL =10

BGSL=n

Marginal CRP

Marginal CRP with atoms

* ot %

Simulated data scenario: Three clusters of equal size

yi NN(¢Z;7 7—71)

with true cluster means ¢ = (—3, 0, 3) and precision 7 =1



Wall-clock time

T T T T T 117 T T T T T T 17

100 - —o—Slice sampler
—m— Slice sampler no atoms

4+ BGSL =10 f
80 BGSL=n

—+— CRP with atoms
60 —~ CRP yau—

40

20

Time per 1000 iteration (seconds)

0 " 1,000 10,000

Total sample size n
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ESS per second w.r.t. likelihood

300

200

100

—o— Slice sampler |
—m— Slice sampler no atoms

——BGSL=10
BGSL=n |
—— CRP with atoms

—CRP

1,000 10,000
Total sample size n



Numerical study

Competing algorithms:
* Slice sampler
* BGSL =10

Simulated data scenario: Perturbed Zipf
Yi NN(¢Z,'7 7-71)

¢z =3 % Z p(zi) x z,.’o'5 forz; € {1,...,50}



Wall-clock time and mixing

Time per 1000 iterations (sec.)

30

25}

—e—Slice sampler
—+—BGSL =10

75T 398
Total sample size n

631 1,000 1,580 2,510

ESS per second w.r.t. H

50 T T
—o— Slice sampler

20! —+-BGSL=10
30
20
101 8
0 L L L L Il Il Il

58 251 398 631 1,000 1,580 2,510

Total sample size n




Inferential performance
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Conclusions and future directions
Take-home message
B Slice samplers for DP-based models have unbounded per-iteration cost:

Kn—min{kZHn: Zm<umin}.

h=k+1
B Nevertheless, for any dataset, the slice overhead is small with high probability:

Kn — Hn = Op(log n), uniformly over all visited partitions p,.

Future directions

B Extend the bounds to adaptive DP models, where the concentration parameter « is
learned from the data.

B Study richer BNP priors: Pitman-Yor processes (Canale et al., 2022) and general species
sampling processes (Mena et al., 2025).

B Develop guarantees for structured models: hierarchical DPs, sticky constructions, and
dependent or temporally evolving partitions.
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