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Abstract

Several applications involving counts present a large proportion of zeros
(excess-of-zeros data). A popular model for such data is the Hurdle model,
which explicitly models the probability of a zero count, while assuming a sam-
pling distribution on the positive integers. We consider data from multiple
count processes. In this context, it is of interest to study the patterns of counts
and cluster the subjects accordingly. We introduce a novel Bayesian nonpara-
metric approach to cluster multiple, possibly related, zero-inflated processes.
We propose a joint model for zero-inflated counts, specifying a Hurdle model
for each process with a shifted Negative Binomial sampling distribution. Condi-
tionally on the model parameters, the different processes are assumed indepen-
dent, leading to a substantial reduction in the number of parameters as com-
pared to traditional multivariate approaches. The subject-specific probabilities
of zero-inflation and the parameters of the sampling distribution are flexibly
modelled via an enriched finite mixture with random number of components.
This induces a two-level clustering of the subjects based on the zero/non-zero
patterns (outer clustering) and on the sampling distribution (inner cluster-
ing). Posterior inference is performed through tailored MCMC schemes. We
demonstrate the proposed approach on an application involving the use of the
messaging service WhatsApp.

Keywords – conditional algorithm, excess-of-zeros data, enriched priors, Hurdle
model, finite mixtures, marginal algorithm, nested clustering

1 Introduction

Count data presenting excess of zeros are commonly encountered in applications.
These can arise in several settings, such as healthcare, medicine, or sociology. In this
scenario, the observations carry structural information about the data-generating
process, i.e., an inflation of zeros. The analysis of zero-inflated data requires the
specification of models beyond standard count distributions, such as Poisson or
Negative Binomial. Commonly used models are the Zero-Inflated (Lambert, 1992),
the hurdle (Mullahy, 1986) and the zero-altered (Heilbron, 1994) models. The first
class assumes the existence of a probability mass at zero and a distribution over
N0 = {0, 1, 2, . . . }. This type of models explicitly differentiates between the zeros
originating from a common underlying process, such as the utilisation of a service,
described by the sampling distribution on N0, and those arising from a structural
phenomenon, such as the ineligibility to use the service, which are modelled by the
point mass. Very popular Zero-Inflated models are the Zero-Inflated Poisson (ZIP)
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and the Zero-Inflated Negative Binomial (ZINB) models, where the sampling dis-
tribution is chosen to be a Poisson and a Negative Binomial, respectively. These
models allow for inflation in the number of zeros and departures from standard dis-
tributional assumptions on the moments of the sampling distribution. For instance,
the ZIP model allows the mean and the variance of the distribution to be different
from each other (as opposed to a standard Poisson distribution), while the ZINB
additionally captures overdispersion in the data.

Hurdle models are a very popular choice of distributions for modelling zero-
inflated counts. Differently from the Zero-Inflated ones, these models handle zeros
and positive observations separately, assuming on the latter a sampling distribution
with support on N = N0 \ {0}. Thus the distribution of the count data is given by:

P (Yi = yi) =

{
(1− pi) , yi = 0

pig (yi | µi) , yi > 0
(1)

where pi and g now capture two distinct features of the data. Hurdle models present
appealing features that can make them preferable to Zero-Inflated models. Firstly,
hurdle distributions allow for both inflation and deflation of zero-counts. Indeed,
under a Zero-Inflated model, the probability of observing a zero is always greater
than the corresponding probability under the sampling distribution, thus making
it impossible to capture deflation in the number of zeros (Min and Agresti, 2005).
Secondly, and more importantly for our work, the probability of zero counts in hurdle
models is independent of the parameters controlling the distribution of non-zero
counts. This feature improves interpretability and facilitates parameter estimation.
Note that the Zero-Altered model proposed by Heilbron (1994) is a modified hurdle
model in which the two parts are connected by specifying a direct link between the
model parameters.

Univariate models for zero-inflated data can be extended to multivariate settings,
where several variables presenting excess of zeros are recorded, e.g. in applications
involving questionnaires or microbiome data analysis. In this context, a multivari-
ate extension of the ZIP model has been proposed by Li et al. (1999), through a
finite mixture with ZIP marginals. In this construction, the number of parameters
increases linearly as the number d of zero-inflated processes increases, as the total
number of parameters is 3d + 2. See also Liu and Tian (2015), Liu et al. (2019)
and, Tian et al. (2018) for simplified versions of the previous construction involving
a smaller number of parameters and better distributional properties.

In a Bayesian parametric setting, Fox (2013) proposes the joint modelling of two
related zero-inflated outcomes. Their strategy is based on the ZIP model, with the
same Bernoulli component to capture the extra zeros for both processes. Correla-
tion between subject-specific outcomes is accounted for through the specification of
a joint random effect distribution for the parameters governing the sampling dis-
tribution of the two processes. Alternatively, Lee et al. (2020) model the binary
variables indicating whether an observation is positive or not via a multivariate pro-
bit model (Chib and Greenberg, 1998; Garćıa-Zattera et al., 2007). In this approach,
the vectors of latent continuous variables characterising the multivariate probit are
modelled jointly assuming a random unstructured correlation matrix describing their
dependence.

In several applications, knowledge relative to the grouping of the subjects is also
available, thus providing additional information that can be exploited in the model
(Choo-Wosoba et al., 2018). Moreover, the clustering structure can be estimated by
assuming a prior distribution on the partition of the subjects, e.g. via the popular
Dirichlet process (Li et al., 2017) or a mixture with random number of components
as proposed in Hu et al. (2022).
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Figure 1: Example of two-level clus-
tering induced by the enriched mix-
ture with random number of compo-
nents. The observations are first clus-
tered based on their zero/non-zero pat-
terns, indicated in the figure in blue
and red, respectively. Within each outer
cluster, subjects are grouped based on
the sampling distribution of the non-
zero observations. The inner clustering
structure is here depicted via a multi-
modal discrete distribution, represent-
ing a finite mixture.

In the context of Bayesian semi-
parametric approaches, Shuler et al.
(2021) propose to model multivariate
zero-inflated count data by linking differ-
ent Dirichlet Process mixtures of ZINB
models through the use of the popular de-
pendent Dirichlet process (MacEachern,
1999). In particular, the probability of
zeros and the sampling distribution are
modelled via two distinct single-p DDP,
where the location parameters of the mix-
ture depend on a categorical covariate.
The proposed approach yields flexible es-
timation of the partition of the subjects,
although it does not allow for sharing of
information a priori between the two com-
ponents of the ZINB model, thus yield-
ing two separate clustering structures. A
different semiparametric approach is pro-
posed by Arab et al. (2012), which ex-
ploits the multivariate ZIP construction
of Li et al. (1999) to model bivariate
count data, but the proportion of zeros
and the intensity of the sampling distri-
bution are modelled through the intro-
duction of spline regression terms. The
spline approach is flexible and computa-
tionally tractable when d is small. For
larger dimensions, this model would in-
duce a non-trivial computational burden.

The focus of this work is clustering
of individuals based on multiple, possi-
bly related, zero-inflated processes. To
this end, we propose a Bayesian approach
for joint modelling of zero-inflated count
data, based on finite mixtures with random number of components. In particular,
we specify a hurdle model for each process with a shifted Negative Binomial sam-
pling distribution on the positive integers. Let n denote the sample size and d the
number of processes under study. The subject-specific probabilities of zero-inflation
pij for the i-th individual and the j-th process, i = 1, . . . , n, j = 1, . . . , d, and
the parameter vector of the sampling distribution µij are flexibly modelled via an
enriched mixture with random number of components, borrowing ideas from the
Bayesian nonparametric literature on the Dirichlet process. One of the main novel-
ties of our work is to combine a recent representation of finite mixture models with
random number of components presented in Argiento and De Iorio (2022) with a
finite extension of the enriched nonparametric prior proposed by Wade et al. (2011)
to achieve a two-level clustering of the subjects, where at the outer level individuals
are clustered based on the pattern of zero/non-zero observations, while within each
outer cluster they are grouped at a finer level (which we refer to as inner level) ac-
cording to the distribution of the non-zero counts. Figure 1 provides an illustration
of the nested clustering structure.

Enriched priors in Bayesian nonparametrics generalise concepts developed by
Consonni and Veronese (2001), who propose a general methodology for the con-
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struction of enriched conjugate families for the parametric natural exponential fam-
ilies. The idea underlying this approach is to decompose the joint prior distribution
for a vector of parameters indexing a multivariate exponential family into tractable
conditional distributions. In particular, distributions belonging to the multivari-
ate natural exponential family satisfy the conditional reducibility property, which
allows reparameterising the distribution in terms of a parameter vector, whose com-
ponents are variation and likelihood independent. Then, it is possible to construct
an enriched standard conjugate family on the parameter vector, closed under i.i.d.
sampling, which leads to the breaking down of the global inference procedure into
several independent subcomponents. Such parameterisation achieves greater flexi-
bility in prior specification relative to the standard conjugate one, while still allowing
for efficient computations (see, for example, Consonni et al., 2004). An example of
this class of parametric priors is the enriched Dirichlet distribution (Connor and
Mosimann, 1969).

In a Bayesian nonparametric framework, Wade et al. (2011) first propose an en-
richment of the Dirichlet process (Ferguson, 1973) that is more flexible with respect
to the precision parameter but still conjugate, by defining a joint random probabil-
ity measure on the measurable product space (X ,Y) in terms of the marginal and
conditional distributions, PX and PY |X , and assigning independent Dirichlet process
priors to each of these terms. The enriched Dirichlet process enables a nested clus-
tering structure that is particularly appealing in our setting and allows for a finer
control of the dependence structure between X and Y . This construction has been
employed also in nonparametric regression problems to model the joint distribution
of the response and the covariates (Wade et al., 2014; Gadd et al., 2020), as well as
in longitudinal data analysis (Zeldow et al., 2021) and causal inference (Roy et al.,
2018). Recently, Rigon et al. (2022) propose the enriched Pitman–Yor process which
leads to a more robust clustering estimation.

In this work, we consider the joint distribution of d zero-inflated process, where
the d-dimensional vectors of probabilities (pi1, . . . , pid) correspond to X, while the
parameters of the sampling distributions µij correspond Y . The enrichment of the
prior is achieved by modelling both PX and PY |X through a mixture with random
number of components (see, for instance, Miller and Harrison, 2018). We exploit the
recent construction by Argiento and De Iorio (2022) based on Normalised Indepen-
dent Finite Point Processes, which allows for a wider choice of prior distributions
for the unnormalised weights of the mixture. Therefore, the proposed model offers
more flexibility, while preserving computational tractability.

The motivating application for the proposed model is the analysis of multiple
count data collected from a questionnaire on the frequency of use of the messaging
service WhatsApp (ClinicalTrials.gov, 2021). In particular, the questionnaire con-
cerns the sharing of COVID-19-related information via WhatsApp messages, either
directly or by forwarding, over the course of a week. For each subject, responses to
the same seven questions are recorded over seven consecutive days, providing infor-
mation on a subject’s WhatsApp use (see Table S1 in Supplementary Material). In
this set-up, the multiple count processes correspond to the seven questions, all of
which displaying an excess of zeros (see Figure S2 in Supplementary Material).

The manuscript is organised as follows. Section 2 introduces a novel enriched
prior process for multiple zero-inflated outcomes, while Section 3 describes the
Markov chain Monte Carlo (MCMC) algorithm designed for posterior inference.
We demonstrate the model on the WhatsApp application in Section 4. We conclude
the paper in Section 5.
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2 The model

2.1 Likelihood

Let Yij be the count of subject i = 1, . . . , n for outcome j = 1, . . . , d and let Yi =
(Yi1, . . . , Yid) be the d-dimensional vector of observations for subject i. To take into
account the zero-inflated nature of the data, we assume for each outcome j a hurdle
model. Each observed count Yij is equal to zero with probability 1 − pij , while
with probability pij it is distributed according to a probability mass function (pmf)
g (· | µij) with support on N. Assuming conditional independence among responses,
the likelihood for a subject is given by:

P (Yi = yi | pi,µi) =
d∏
j=1

f (yij | pij ,µij) f (y | p,µ) =

{
1− p, y = 0

p g (y | µ) , y > 0

(2)
with pi = (pi1, . . . , pid) ∈ (0, 1)d, µi = (µi1, . . . ,µid), i = 1, . . . , n. In what follows,
we set g to be a shifted Negative Binomial distribution with parameters µij =
(rij , θij) and pmf:

g (y | rij , θij) =
(y + rij − 2)!

(rij − 1)! (y − 1)!
θy−1
ij (1− θij)rij , y ∈ N (3)

where rij ∈ N and θij ∈ (0, 1), for i = 1, . . . , n and j = 1, . . . , d. Different parametric
choices for g are possible (e.g. a shifted Poisson), or even nonparametric alternatives
could be employed. Note that the conditional independence assumption among the
multiple processes leads to a significant reduction in the number of parameters as
compared to multivariate zero-inflated models.

2.2 Enriched finite mixture model

In this work, we propose an enriched extension of the Normalised Independent Fi-
nite Point Process (Norm-IFPP) of Argiento and De Iorio (2022) and specify a joint
prior for (pi,µi) as conditionally dependent processes. This allows us to account for
interindividual heterogeneity, overdispersion, and outliers and induces data-driven
nested clustering of the observations. Each subject is first assigned to an outer clus-
ter, and then clustered again at an inner level, providing increased interpretability.
Differently from previous work on Bayesian nonparametric enriched processes, we
opt for a finite mixture with random number of components, where the weights are
obtained through the normalisation of a finite point process. Finite mixture mod-
els with random number of components have received increasing attention in the
last years (see, for example, Malsiner-Walli et al., 2016; Miller and Harrison, 2018).
The representation of Argiento and De Iorio (2022) allows for the specification of a
wide range of distributions for the weights and simultaneously leads to effective and
widely applicable MCMC schemes on which Algorithms 1 and 2 are based. More
specifically, they show that a finite mixture model is equivalent to a realisation of a
stochastic process with random dimension and infinite-dimensional support, leading
to flexible distributions for the weights of the mixture given by the normalisation of
a finite point process. We thus employ this approach as it allows for efficient com-
putations via a conditional algorithm, as compared to labour-intensive reversible
jump algorithms common in mixture models. An alternative efficient conditional
sampler for mixtures with a random number of components is the recently proposed
telescopic sampler by Frühwirth-Schnatter et al. (2021).

In the proposed framework, the observations are assumed to be sampled from a
mixture with an inner and an outer component. As kernel of the mixture, we assume
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the hurdle model in (2), which distinguishes between the probabilities of being non-
zero pi and the parameters of the sampling distribution (ri,θi). The components
of the outer mixture are determined by different probabilities of non-zero outcomes,
denoted with p?m = (p?m1, . . . , p

?
md), for m = 1, . . . ,M , with M the number of outer

mixture components. The components of the inner mixtures are characterised by dis-
tinct parameters of the sampling distribution, denoted with r?ms = (r?ms1, . . . , r

?
msd)

and θ?ms = (θ?ms1, . . . , θ
?
msd), for s = 1, . . . , Sm and m = 1, . . . ,M , where Sm is the

number of mixture components within the m-th outer mixture component. Letting

ψ?msj =
(
p?mj , r

?
msj , θ

?
msj

)
and ψ?ms = (ψ?ms1, . . . ,ψ

?
msd), the mixture model is as

follows:

Yi | {ψ?ms},w, {qm}
iid∼

M∑
m=1

wm︸ ︷︷ ︸
outer level

Sm∑
s=1

qms︸ ︷︷ ︸
inner level

d∏
j=1

f
(
yij | ψ?msj

)

qm = (qm1, . . . , qmSm) | Sm ∼ DirichletSm (γS , . . . , γS)

w = (w1, . . . , wM ) |M ∼ DirichletM (γM , . . . , γM )

p?m
iid∼

d∏
j=1

Beta (α, β)

r?ms
iid∼

d∏
j=1

Geometric (ζ)

θ?ms
iid∼

d∏
j=1

Beta (η, λ)

S1, . . . , SM |M
iid∼ Poi0 (ΛS)

M ∼ Poi0 (ΛM )

(4)

where the kernel f
(
yij | ψ?msj

)
is defined via conditionally independent hurdle mod-

els in (2)–(3). Here DirichletM (γM , . . . , γM ) denotes the symmetric Dirichlet distri-
bution defined on the (M − 1)-dimensional simplex with mean 1/M , which is the
distribution of the normalised mixture weights. Beta (α, β) indicates the Beta dis-
tribution with mean α/(α+β) and variance αβ/((α+β)2(α+β+1)), Geometric (ζ)
the Geometric distribution with mean 1/ζ, and Poi0(Λ) the shifted Poisson dis-
tribution, such that if X ∼ Poi0(Λ) then X − 1 has a Poisson distribution with
mean Λ. Moreover, M and Sm, for m = 1, . . . ,M , indicate the random number of
components at the outer and inner level of the enriched Norm-IFPP, respectively.

The outer mixture is a mixture of multivariate Bernoulli distributions, and coin-
cides with the widely-used Latent Class model (Lazarsfeld and Henry, 1968). More-
over, being conditionally independent of the actual values of the non-zero observa-
tions, it offers further computation advantages as shown in Section 3.

Model (4) induces a partition of the subject indices {1, . . . , n} at an outer and
an inner level. Let ci and zi, for i = 1, . . . , n, denote the allocation variables which
indicate to which component of the mixture each subject is assigned to at the outer
and inner level, respectively. When two subjects, i and l, are assigned to the same
component of the outer level mixture, then the probabilities of observing a zero for
the two subjects are the same, pi = pl, and the two subjects are assigned to the
same cluster, i.e. ci = cl. Moreover, if the two subjects are also assigned to the
same component of the inner level mixture, we have zi = zl and µi = µl (with
obviously ci = cl). However, the vectors of parameters µi and µl characterising
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the sampling distribution might be different even when ci = cl and, consequently,
the two subjects might be assigned to different clusters at the inner level. This is
reflected in the components of the vectors of parameters (pi,µi) and (pl,µl), which
might share only the component corresponding to the probability of zero outcomes
or both components.

Using allocation variables, the conditional dependence structure between outer
and inner levels is the following. Let

Ỹij =

{
1 if Yij > 0

0 if Yij = 0
(5)

Ỹi =
(
Ỹi1, . . . , Ỹid

)
, Cm = {i : ci = m}, and Cms = {i : ci = m, zi = s}.

Outer mixture:

Ỹi | pi ∼
d∏
j=1

p
ỹij
ij (1− pij)ỹij , ỹij ∈ {0, 1}

pi = p?ci

p?1, . . . ,p
?
M |M

iid∼
d∏
j=1

Beta (α, β)

Pr (ci = m) ∝ Γm, m = 1, . . . ,M

Γ1, . . . ,ΓM
iid∼ Gamma (γM , 1)

M ∼ Poi0 (ΛM )

(6)

Inner mixture:

Yi |M, ci = m,p?m, rmi,θmi ∼
d∏
j=1

f
(
yij | p?mj , rmij , θmij

)
(rmi,θmi) =

(
r?mzi ,θ

?
mzi

)
r?m1, . . . , r

?
mSm

| Sm
iid∼

d∏
j=1

Geometric (ζ)

θ?m1, . . . ,θ
?
mSm

| Sm
iid∼

d∏
j=1

Beta (η, λ) (7)

Pr (zi = s | ci = m) ∝ ∆ms, i ∈ Cm, s = 1, . . . , Sm

∆m1, . . . ,∆mSm

iid∼ Gamma (γS , 1)

S1, . . . , SM |M
iid∼ Poi0 (ΛS)

where, as before, we denote with p?m, r?ms and θ?ms the component-specific param-
eters, which are assumed a priori independent and Gamma (α, β) is the Gamma
distribution with mean α/β and variance α/β2. The choice of Gamma distribution
for the unnormalised weight of the mixture leads to the standard Dirichlet distri-
bution for the normalised weights. In this setting, the computations are greatly
simplified by the introduction of a latent variable, conditionally on which the un-
normalised weights are independent. See Argiento and De Iorio (2022) for details.
Note that the inner mixture is here defined conditionally on the probabilities pm,j
of being zero and not on Ỹi. Thus, while conditioning on pm,j , Yi is still allowed to
present zero entries. Finally, we highlight that representations (4) and (6)-(7) are
equivalent.
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3 Inference

Posterior inference can be performed through both a conditional and a marginal
algorithm, derived by extending the algorithms by Argiento and De Iorio (2022) to
the enriched set-up. The conditional algorithm is described in Algorithm 1, while
in Algorithm 2 we present the marginal one.

The conditional algorithm is very flexible and allows for different prior distri-
butions on the weights of the two mixtures as well as on M and Sm (see Argiento
and De Iorio, 2022, for details). In Algorithm 2, we use the notation qM and qS
to denote the prior on M and Sm, respectively, and we set them both equal to a
shifted Poisson for the application in Section 4. Furthermore, hout and hin denote
the prior distribution on the unnormalised weights (in our case Gamma distribu-
tions) of the outer and inner mixture, respectively, ψout(u) and ψin(u) denote the
corresponding Laplace transforms of hout and hin (in our case ψout(u) = (u+ 1)−γM

and ψin(u) = (u+ 1)−γS ).
To implement the marginal algorithm, we need to derive the marginal likelihood

of the data, conditionally on cluster membership. The likelihood in Eq. (4) can be
written as:

n∏
i=1

d∏
j=1

{
(1− pij)1−ỹij p

ỹij
ij

{
(yij + rij − 2)!

(rij − 1)! (yij − 1)!
θ
yij−1
ij (1− θij)rij

}ỹij}
(8)

Recall that ci and zi denote the labels of the clusters to which the i-th subject belongs
to in the outer and the inner clustering, respectively. The marginal likelihood of the
data conditionally on the cluster allocation is obtained marginalising with respect
to the prior distributions defined in (6) and (7). For a vector of counts y, we obtain:

M (y | c, z) =

d∏
j=1

{
K∏
m=1

{
MBern

(
y∗jCm

)Km∏
s=1

MNB

(
y∗jCms

)}}

MBern (y) =
B
(
α+ n1, β + n0

)
B(α, β)

MNB (y) =

+∞∑
r=1

{
B (η +

∑
i (yi − 1) ỹi, λ+ r

∑
i ỹi)

B (η, λ)

∏
i

(
(yi + r − 2)!

(r − 1)! (yi − 1)!

)ỹi
(1− ζ)

r−1
ζ

}
where Cm = {i : ci = m}, Cms = {i : ci = m, zi = s}, y∗jCm is the vector of
observations yij such that ci = m, for j = 1, . . . , d. Similarly, y∗jCms

is the vector of
observations yij such that ci = m and zi = s. Moreover, B (·, ·) denotes the Beta
function, n1 =

∑
i ỹi, n

0 =
∑

i (1− ỹi), ỹi is defined as in Eq. (5) and the last two
summations run over the elements of the vector ỹ. Here K and Km are the numbers
of clusters at the outer and inner level, respectively. Note that by cluster we mean
an occupied component (i.e. a mixture component to which at least one observation
has been assigned), with K ≤M and Km ≤ Sm,m = 1, . . . ,M .

When implementing the marginal algorithm, after updating the latent variables
Ū and Um, we could add an extra step involving a shuffle of the nested partition
structure as suggested by Wade et al. (2014) to improve mixing. More details
and an empirical comparison of the two algorithms are provided in Section S3 of
Supplementary Material.

4 Application to WhatsApp use during COVID-19

4.1 Data description and preprocessing

We apply our model to a dataset on WhatsApp use during COVID-19 (ClinicalTri-
als.gov, 2021). The data consist of a questionnaire filled out by participants living
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Algorithm 1 Conditional algorithm

Input: (yij)ij and parameter initialisation
Output: posterior distribution of cluster allocation and other parameters

for i in 1:n do
Sample ci and zi from

P[ci = m, zi = s | rest] ∝ Γm ∆ms

d∏
j=1

f (yij | p?m, r?ms,θ?ms)

end for
Compute K, the number of allocated components at the outer level
Relabel the outer level clusters so that the first K components of the mixture are
allocated
Sample the latent variable ū from Gamma

(
n,
∑M

m=1 Γm

)
Set M = K + x, where

x ∼ qx qx ∝
(x+K)!

x!
ψout(ū)xqM (K + x) for x = 0, 1, . . .

Sample the unnormalised weights of the outer measure from

P[Γm ∈ dω | rest] ∝ ωnme−ωūhout(ω)dω for m = 1, . . . ,M

where nm is the cardinality of outer level cluster m and nm = 0 for m > K
for m in 1:K do

Sample p?m from the full conditional.
Compute the number Km of allocated components at the inner level
Relabel the inner level clusters so that the first Km components are allocated

Sample the latent variable um from Gamma
(
nm,

∑Sm
s=1 ∆ms

)
Set Sm = Km + x where

x ∼ qx qx ∝
(x+Km)!

x!
ψin(um)xqS(Km + x) for x = 0, 1, . . .

Sample the unnormalised weights of the m-th inner mixture from

P[∆ms ∈ dq | rest] ∝ qnmse−ωumhin(q)dq for s = 1, . . . , Sm

where nms is the cardinality of inner level cluster s and nms = 0 for s > Km

for s in 1:Km do
Sample (r?ms,θ

?
ms) from the full conditional

end for
for s in (Km + 1):Sm do

Sample r?ms from the prior
Sample θ?ms from the prior

end for
end for
for m in (K + 1):M do

Sample p?m and Sm from the prior
for s in 1:Sm do

Sample ∆ms from the prior
Sample r?ms from the prior
Sample θ?ms from the prior

end for
end for
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Algorithm 2 Marginal algorithm

Input: (yij)ij and parameter initialisation
Output: posterior distribution of cluster allocation and other posterior

summaries

for i in 1:n do
Sample ci

P[ci = m | c−(i), z−(i), Ū , U1, . . . , UK ]

∝



(
n−(i)m + γM

) d∏
j=1

MBern

(
y∗
jC+(i)

m

)
MBern

(
y∗
jC−(i)

m

)
n−(i)ms + γS

L
−(i)
m

d∏
j=1

MNB

(
y∗
jC+(i)

ms

)
MNB

(
y∗
jC−(i)

ms

)
+

L
−(i)
m − n−(i)m − γS

L
−(i)
m

d∏
j=1

MNB (yij)

 if m = mold

ΛM + (K−(i) + 1)(ū+ 1)γM

ΛM +K−(i) (ū+ 1)
γM

ΛM γM
(ū+ 1)γM

d∏
j=1

MBern (yij)MNB (yij) otherwise

where n
−(i)
m and n

−(i)
ms are the cardinalities of outer and inner clusters after

removing the i-th observation, C−(i)
m = Cm\{i} and C+(i)

m = Cm∪{i}, and similarly

for C+(i)
ms , C−(i)

ms , K(−i), and K
−(i)
m . Here the subscript ‘old’ denotes an existing

(occupied) cluster and

L−(i)
m =

ΛS +
(
K
−(i)
m + 1

)
(um + 1)γS

ΛS +K
−(i)
m (um + 1)γS

ΛS γS
(um + 1)γS

+ n−(i)
m + γS

Sample zi

P[zi = s | c, z−(i), Um]

∝



(n−(i)
ms + γS)

d∏
j=1

MNB

(
y∗
jC+(i)

ms

)
MNB

(
y∗
jC−(i)

ms

) if s = sold

ΛS +
(
K
−(i)
m + 1

)
(um + 1)γS

ΛS +K
−(i)
m (um + 1)γS

ΛS γS
(um + 1)γS

d∏
j=1

MNB (yij) otherwise

Note that when a subject i is assigned to a new outer cluster, then the full
conditional distribution of zi is degenerate and a new auxiliary variable Um has
to be sampled before moving to the next subject i+ 1.
end for
Sample the latent variables Ū and U1, . . . , UK from their full conditional:

P
[
Ū ∈ dū | rest

]
∝
(

ΛM
(ū+ 1)

γM +K

)
exp

{
ΛM

(ū+ 1)
γM

}
ūn−1

(ū+ 1)
n+KγM

, ū > 0

P [Um ∈ dum | rest] ∝
(

ΛS
(um + 1)γS

+Km

)
exp

{
Λs

(um + 1)
γS

}
(um)

nm−1

(um + 1)
nm+KmγS

, um > 0

in India. Each subject answers the same d = 7 questions for T = 7 consecutive days
on the number of (j = 1) COVID-19 messages forwarded, (j = 2) WhatsApp groups
to which COVID-19 messages were forwarded, (j = 3) people to whom COVID-19
messages were forwarded, (j = 4) unique forwarded messages received in personal
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chats, (j = 5) people from whom forwarded messages were received, (j = 6) per-
sonal chats that discussed COVID-19, (j = 7) WhatsApp groups that mentioned
COVID-19. Table S1 in Supplementary Material provides the list of the questions,
as well as a brief description. In what follows, the first replicate (t = 1) corresponds
to Sunday for all subjects, t = 2 to Monday, up to T = 7 corresponding to Saturday.
The questionnaire responses were collected in June and July 2021, during India’s
infection wave of the Delta variant of the SARS-CoV-2 virus that causes coronavirus
disease 2019 (COVID-19).

From the initial 1156 respondents, we remove two subjects for which no answers
are available, resulting in a final sample size of n = 1154. Moreover, 19% of the
observations are missing. We also treat counts higher than 400, which are very rare
(7 observations out of 56 546), as missing data as they are very far from the range
of the majority of the data. We handle missing data using a two-step procedure.
Firstly, whenever possible, we recover missing zeros using deterministic imputation
based on respondent’s answers to other sections of the questionnaire. For instance,
if the answer to the question “did you send any message of this kind today?” is “no”
and there is a missing value for the question “how many?”, we can reasonably assume
that the answer to the latter question is zero. In this way, we can recover 0.5% of
the missing observations. Secondly, the remaining missing values are imputed using
random forest imputation (as implemented in the R package mice, van Buuren and
Groothuis-Oudshoorn, 2011). In Section S2 of Supplementary Material, we provide
more details on the data imputation technique and we present an empirical study to
quantify the impact of data imputation on the results presented in the next section.
Figure S2 of Supplementary Material displays the data after imputation.

To account for the fact that T repeated observations are available for each subject
and process, we need to slightly modify model (4). We do so by assuming that the
different time points are independent of each other, so that repeated observations
can be straightforwardly included into the proposed model. Let Yijt denote the
count for the i-th subject and the j-th process at time t, i = 1, . . . , n, j = 1, . . . , d
and t = 1, . . . , T . We assume that Yijt are conditionally independent, given the
parameters of the model. Thus, the likelihood contribution of each subject i is

given by
∏T
t=1

∏d
j=1 f

(
yijt | ψ?msj

)
. It must be highlighted that we are clustering

individuals based on the pattern of all their observations, at each time point t and
for each process j.

Finally we note that, thanks to the probabilistic structure of the hurdle model
for zero-inflated data, pi and the sampling distribution g (· | µi) reflect two distinct
features of the respondents’ behaviour: pi represents the probability of engaging in
some COVID-19 related WhatsApp activity, while g (· | µi) captures the behaviour
of those subjects who have actually engaged in the activity.

4.2 Results

Posterior inference is performed through the conditional algorithm described in Al-
gorithm 1. We run the algorithm for 15 000 MCMC iterations, discarding the first
5000 as burn-in.

Figure 2 shows that, at the outer level, the posterior distributions of the number
of both components and clusters present a mode at the value three.

As point estimate of the cluster allocation, we report the configuration that
minimises the posterior expectation of Binder’s loss function (Binder, 1978) under
equal misclassification costs, which is a common choice in the applied Bayesian
nonparametrics literature (Lau and Green, 2007). Briefly, this expectation of the
loss measures the difference for all possible pairs of subjects between the posterior
probability of co-clustering and the estimated cluster allocation. We refer to the
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Figure 2: Posterior distribution of the number of outer mixture components M (left
panel) and clusters K, i.e., number of occupied components to which at least one
observation is assigned (right panel).
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Figure 3: Relative frequency of the outer clusters (left panel) and the posterior
means of the cluster-specific probabilities of a non-zero count p?mj (right panel)
corresponding to the posterior estimate of the clustering allocation obtained by
minimising Binder’s loss function.

resulting cluster allocation as the Binder estimate.
The Binder estimate of the outer clustering contains three clusters, whose char-

acteristics are summarised in Figures 3 and 4. The largest cluster corresponds to
WhatsApp users who on most days report a zero count for all d = 7 questions.
The individuals in the other two clusters use WhatsApp more frequently when it
comes to forwarding COVID-19 messages (j = 1, 2), receiving forwarded messages
(j = 3, 4, 5) and having COVID-19 mentioned in their WhatsApp groups (j = 7).
The main feature distinguishing Cluster 2 from Cluster 3 in terms of probabilities
pi of non-zero counts is that on most days Cluster 2, unlike Cluster 3, discusses
COVID-19 also in personal chats (question j = 6).

Figures 5 and 6 display the main characteristics of the inner clusters. We are
interested in the posterior distribution of the number of the inner clusters per outer
cluster, as well as the inner clustering within each outer cluster. To this end, we run
the MCMC algorithm fixing the outer cluster allocation to its Binder estimate, thus
obtaining the conditional posterior distribution of the inner clustering. The results
reveal substantial variability in the distribution of non-zero counts within outer
Clusters 1 and 2 (see Figure 5, bottom panel). The majority of counts in outer
Cluster 1 are zero, leaving little variation in the counts for the inner clustering. As
most individuals present zero counts (for most processes) at an inner cluster level,
it becomes difficult to detect specific patterns as it is also evident from the fact that
many co-clustering probabilities are in the range 0.3-0.6 (see Figure 6). Notably,
around a quarter of the individuals in outer Cluster 2, as captured by its inner
Cluster 2, forward COVID-19 messages to many more people (question j = 3) than
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(c) Question 3
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(d) Question 4
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(e) Question 5
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(f) Question 6
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(g) Question 7

Figure 4: Estimated pmfs for the seven questions within each outer cluster (condi-
tionally on the counts being positive) corresponding to the posterior estimate of the
clustering allocation obtained by minimising Binder’s loss function. Shaded areas
represent the 95% credible intervals.

subjects in inner Cluster 1 of outer Cluster 2. Figure 4 also supports the fact that
outer Cluster 2 engages with WhatsApp in a much more persistent manner than the
other outer clusters. These results highlight that a sizeable minority of WhatsApp
users has a relatively large propensity to spread COVID-19 messages during a critical
phase of the pandemic. This is in line with a similar survey in Singapore (Tan et al.,
2021) and findings on “superspreaders” on other social media.

5 Conclusion

In this work, we propose a Bayesian model for multiple zero-inflated count data,
building on the well-established hurdle model and exploiting the flexibility of finite
mixture models with random number of components. The main contribution of
this work is the construction of an enriched finite mixture with random number of
components, which allows for two level (nested) clustering of the subjects based on
their pattern of counts across different processes. This structure enhances inter-
pretability of the results and has the potential to better capture important features
of the data. We design a conditional and a marginal MCMC sampling scheme to
perform posterior inference. The proposed methodology has wide applicability, since
excess-of-zeros count data arise in many fields. Our motivating application involves
answers to a questionnaire on the use of WhatsApp in India during the COVID-19
pandemic. Our analysis identifies a two-level clustering of the subjects: the outer
cluster allocation reflects daily probabilities of engaging in different WhatsApp ac-
tivities, while the inner level informs on the number of messages conditionally on
the fact that the subject is indeed receiving/sending messages on WhatsApp. Any
two subjects are clustered together if they show a similar pattern across the mul-
tiple responses. We find three different well-distinguished respondent behaviours
corresponding to the three outer clusters: (i) subjects with low probability of daily
utilisation; (ii) subjects with high probability of sending/receiving all types of mes-
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Figure 5: Posterior distribution of the number of inner clusters per outer cluster
(top panel), relative frequency of the inner clusters corresponding to the Binder
estimate of the inner cluster allocation (central panel), cluster-specific empirical
means of the counts (bottom panel). For outer Cluster 1, the latter is only shown
for the four largest inner clusters for visualisation purposes. Results are obtained
conditionally on the Binder estimate of the outer clustering.

sages and (iii) subjects with high probability for all considered messages except for
non-forwarded messages in personal chats. Interestingly, the inner level clustering
and the outer cluster specific estimates of the sampling distribution g highlight sim-
ilarities between the outer Clusters 1 and 3, where subjects tend to send/receive
fewer messages compared to outer Cluster 2. Moreover, we are able to identify
those subjects with high propensity to spread COVID-19 messages during the criti-
cal phase of the pandemic and for these subjects we do not find notable differences
in terms of types of messages sent or received. Our results are in line with exist-
ing literature on the topic. Future work involves the development of more complex
clustering hierarchies and techniques able to identify processes that most inform the
clustering structure.
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(a) Outer cluster 1 (b) Outer cluster 2 (c) Outer cluster 3

Figure 6: Heatmaps of the posterior co-clustering probabilities for the inner clusters
per outer cluster. Results are obtained conditionally on the Binder estimate of
the outer cluster allocation. Observations are reordered based on the co-clustering
probability profiles, through hierarchical clustering.
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Supplementary material for
“Bayesian clustering of multiple zero-inflated outcomes”

by
Beatrice Franzolini, Andrea Cremaschi, Willem van den Boom and Maria De Iorio

S1 Questionnaire questions

Table 1: Items in the questionnaire on WhatsApp activity. Each question corre-
sponds to a process in the model.

Type of
Index j Behaviour Message Question

1 Sender Forwarded How many different COVID-19 messages did you

forward today?

2 Sender Forwarded How many different WhatsApp groups did you

forward COVID-19 messages to today?

3 Sender Forwarded How many different people did you forward

COVID-19 messages to today?

4 Recipient Forwarded How many unique forwarded messages did you

receive in your personal chats?

5 Recipient Forwarded How many different people did you receive

forwarded messages from today?

6 Participant Personal comment How many of your personal chats discussed

COVID-19 today?

7 Recipient Both How many of your WhatsApp groups mentioned

COVID-19 today?

S2 Data imputation

Missing data are imputed via multivariate imputation by chained equations as implemented in the
R package mice van Buuren and Groothuis-Oudshoorn (2011). The method can be summarised as
follows: for each variable presenting missing entries a conditional distribution is estimated given all
other variables. To this end, random forests are employed. Missing values are then imputed from
such distribution. Imputation is iterated five times conditionally on previous values. More details on
the procedure can be found in van Buuren and Groothuis-Oudshoorn (2011).

In Table 2 we compare results presented in the main manuscript with those obtained from other four
imputed datasets. The table contains the following posterior inference summaries: maximum a poste-
riori (MAP) estimates of the number of outer clusters (MAP-est K) and of the total number of inner
clusters (MAP-est

∑
mKm); Hellinger distance (H-dist) and Jensen-Shannon Divergence (JSD) be-

tween the posterior distribution of K and
∑

mKm from the analysis presented in the main manuscript
and the distribution obtained from each replicate; two adjusted rand indexes between the outer parti-
tion in the main manuscript and the outer partition obtained from each of the replication dataset. We
estimate the partition by (i) minimising the Binder loss estimate of the outer clustering (Adj Rand
index Binder) (ii) applying the clustering method of Medvedovic (Adj Rand index Medvedovic), as
implemented in the R package mcclust.

The Hellinger distance and the Jensen-Shannon divergence take values between 0 and 1, with higher
values corresponding to more dissimilarities between the two distributions. The adjusted rand index
varies between 0 and 1, with higher values indicating higher similarities between clustering allocations.
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Table 2: Impact of data imputation.

Main Analysis Replica1 Replica 2 Replica 3 Replica 4

MAP-est K 3 3 3 3 3
MAP-est

∑
mKm 13 13 10 11 13

H-dist K - 0.309 0.425 0.269 0.307
JSD K - 0.101 0.189 0.081 0.098
H-dist

∑
mKm - 0.299 0.453 0.323 0.285

JSD
∑

mKm - 0.113 0.249 0.128 0.106

Adj Rand index Binder - 0.732 0.679 0.720 0.781
Adj Rand index Medv. - 0.749 0.722 0.749 0.807

S3 Marginal algorithm

We compare the performance of the two sampling schemes presented in Section 3 (i.e., the conditional
algorithm and the marginal algorithm) on the dataset on WhatsApp use during COVID-19.

We perform posterior inference employing both MCMC schemes and compare them in terms of effective
sample size per iteration (ESS/#iter) and integrated autocorrelation time (IAT) computed with the
R packages coda and LaplacesDemon, respectively. ESS/#iter and IAT are computed for the number
of outer clusters, the number of inner clusters, and the log-likelihood logM(y | c, z). Results for the
conditional algorithm are based on 10000 iterations. Results for the marginal algorithm are obtained
with 1000 iterations.

Table 3 highlights that the marginal algorithm, as expected, leads to higher effective sample sizes per
iteration as a consequence of the smaller number of parameters to sample and the lower dependence
across them. This ultimately allows for a better mixing of the chain.

Table 3: Comparison between conditional and marginal algorithm.

Log-likelihood Num. of outer clusters Num. of inner clusters
Cond. Marg. Cond. Marg. Cond. Marg.

ESS/#iter 0.013 0.208 0.005 0.076 0.006 0.142
IAT 81.266 4.937 215.0 15.634 126.80 8.011

However, one iteration of the marginal algorithm is associated with a higher computational cost mainly
due to the evaluation of the integrals in MBern and MNB. In particular, the computation of MNB

requires approximating an infinite sum. Here, we employed a Monte Carlo approximation based on 100
samples. Alternatively, we could rely on numerical approximation or introduce an auxiliary variable
to be sampled from its full conditional.

Additionally, the variability of the posterior distributions obtained with the marginal algorithm de-
pends on the availability of an efficient mechanism for sampling the auxiliary variables corresponding
to the inner mixtures U1, . . . , UM from their full conditional. Here, given the importance of U1, . . . , UM
in determining the full conditional of the allocating variables c and z, we sample the auxiliary vari-
ables any time a new inner cluster is created, in addition to sampling them at the end of the for cycle
as described in Section 3.

While the marginal algorithm can be used to derive a point estimate of the predictive distribution for
a new observation, it does not provide appropriate credible intervals for either outer or inner mixtures.
Thus, in terms of uncertainty quantification, it can be used only for deriving credible balls for the
clustering structure.

On the contrary, the conditional algorithm provides proper uncertainty quantification for both the
mixtures and the clustering, while it can also be straightforwardly implemented.
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S4 Data

Figure 7: Bar plots of the frequencies for the d = 7 responses across the seven days
of the week. For visualisation purposes, plots contain only counts smaller than 20.
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